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SIAM J. CONTROL OPTIM. c© 2003 Society for Industrial and Applied Mathematics
Vol. 42, No. 1, pp. 260–265

Abstract. We prove existence of solutions to upper semicontinuous differential inclusions and to
time optimal control problems under conditions that are strictly weaker than the usual assumption
of convexity.
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1. Introduction. The condition of convexity with respect to the variable gra-
dient has been of universal use in the calculus of variations, in optimal control, and
in differential inclusions to prove the existence of solutions. In fact, convexity is the
property required in order to pass to a weak limit along a sequence, be it a minimiz-
ing sequence or a sequence of successive approximations, preserving the properties
that are needed. This approach, however, because of its generality, need not always
provide the best results, since it does not take into account possible additional infor-
mation such as, for instance, the presence of symmetries in the problem. One is led
to think that, by suitably exploiting these symmetries, the convexity condition could
be substantially reduced. The purpose of the present paper is to show that, for the
simplest of such symmetries, the time invariance in the problem of the existence of
solutions to upper semicontinuous differential inclusions, convexity can be replaced
by a strictly weaker condition, our almost convexity, below. Moreover, we show that,
in the case of autonomous control systems of the form

x′(t) = f(x(t), u(t)), u(t) ∈ U(x(t))

for the existence of a time optimal solution, Filippov’s classical assumption of con-
vexity of the images of the map F (x) = f(x, U(x)) can be replaced by the weaker
assumption of almost convexity of the same images. As will be shown, our assumption
does not imply that the set of solutions to the differential inclusion is closed in the
space of continuous functions with uniform convergence, as happens in the case of the
assumption of convexity, but only that the sections of this set of solutions are closed.
This property is sufficient to establish the existence of time optimal solutions.

2. Main results. The following is our assumption of almost convexity.
Definition 1. Let X be a vector space. A set K ⊂ X is called almost convex if

for every ξ ∈ coK there exist λ1 and λ2, 0 ≤ λ1 ≤ 1 ≤ λ2, such that λ1ξ ∈ K,λ2ξ ∈
K.

∗Received by the editors May 22, 2002; accepted for publication (in revised form) October 23,
2002; published electronically April 17, 2003.

http://www.siam.org/journals/sicon/42-1/40804.html
†Dipartimento di Matematica e Applicazioni, Università di Milano Bicocca, Via Bicocca degli
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Every convex set is almost convex. If a set K is almost convex and 0 ∈ co(K),
then 0 ∈ K. Typical cases of almost convex sets are K = ∂C, with C a convex set
not containing the origin, or K = {0} ∪ ∂C, C a convex set containing the origin.

It is our purpose to prove the following theorem.
Theorem 1. Let Ω ⊂ RN be open, and let F , from Ω to the nonempty subsets of

RN , be upper semicontinuous with bounded, closed, and almost convex values. Then
the Cauchy problem

y′(s) ∈ F (y(s)), y(0) = x0 ∈ Ω
admits a solution defined on some interval [−δ, δ], δ > 0. Moreover, for every
τ ∈ [−δ, δ], the attainable set at τ , Ax0(τ), is closed and coincides with Aco

x0
(τ),

the attainable set at τ of the convexified problem

y′(s) ∈ coF (y(s)), y(0) = x0.

Remarks. (1) The upper semicontinuous map F , from R to the closed subsets of
R, defined by F (x) = −sign(x) for x �= 0, F (0) = {−1,+1}, is not almost convex at
x = 0, and the corresponding Cauchy problem with the condition y(0) = 0 admits no
local solution.

(2) Under the condition of almost convexity, the attainable sets are closed for
every (small) τ , but the set of solutions need not be closed in C(I), unlike in the
convex case.

The following corollary to Theorem 1, to be compared with Theorem 1 of Filippov
[3], shows that, in the case of autonomous control systems, for the existence of a
time optimal solution, Filippov’s assumption that the set f(x, U(x)) is convex can be
replaced by the weaker assumption that the same set is almost convex.

Corollary 1. Let f(x, u) be continuous for x ∈ Ω and u ∈ U(x), and let
the set valued map U(x), from Ω to the nonempty compact subsets of RN , be upper
semicontinuous. Moreover, assume that the set

F (x) = f(x, U(x))

is almost convex for every x ∈ Ω. Let x0 and x1 be given in Ω, and assume that for
some t̃ ≥ 0, x1 ∈ Ax0(t̃). Then the problem of reaching x1 from x0 in minimum time
admits a solution.

For the proof of Theorem 1 we shall need the following preliminary result.
Theorem 2. Let F be upper semicontinuous. Let x : [a, b]→ Rn be a solution to

y′(t) ∈ co(F (y(t))), y(a) = xa.

Assume that there are two integrable functions λ1(.), λ2(.), from [a, b] to R, satis-
fying 0 ≤ λ1(t) ≤ 1 ≤ λ2(t) and such that, for almost every t ∈ [a, b], we have
λ1(t)x

′(t) ∈ F (x(t)) and λ2(t)x
′(t) ∈ F (x(t)). Then there exists t = t(s), a nonde-

creasing absolutely continuous map of the interval [a, b] onto itself, such that the map
x̃(s) = x(t(s)) is a solution to

y′(s) ∈ F (y(s)), y(a) = xa.

Moreover, x̃(a) = x(a) and x̃(b) = x(b).
Proof. (a) When x′(t) = 0, we shall assume, without loss of generality, that

λ2(t) = 1. Consider the set

C = {t ∈ I : 0 ∈ F (x(t))}.
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From the continuity of x and the upper semicontinuity of F , we obtain that C is
closed. Without loss of generality we shall assume that, for t in C, λ1(t)x

′(t) = 0.
(b) Let [α, β] be an interval, and assume that, on this interval, there exist two func-

tions λ1(.), λ2(.) with the properties stated above. In addition, assume that λ1(t) > 0
a.e. We claim that there exist two measurable subsets of [α, β], having characteristic
functions χ1 and χ2 such that

∑
χi = χ[α,β], and an absolutely continuous function

s = s(t) on [α, β], s(α)− s(β) = α− β, such that

s′(t) = χ1(t)λ1(t) + χ2(t)λ2(t).

This concludes the proof of this claim.
Redefine λ1(t) and λ2(t) on a set of measure zero to have both functions positive

for every t ∈ [α, β]. Set p(.) to be 1
2 when λ1(t) = λ2(t) = 1, to be

λ2−1
λ2−λ1

otherwise.
With this definition we have that 0 ≤ p(t) ≤ 1 and that both equalities

1 = p(t) + (1− p(t))

and

1 = p(t)λ1(t) + (1− p(t))λ2(t)

hold true. In particular, we have

∫ β

α

1dt =

∫ β

α

[p(t) + (1− p(t))]dt =
∫ β

α

[
p(t)λ1(t)

λ1(t)
+
(1− p(t))λ2(t)

λ2(t)

]
dt.

We wish to apply Liapunov’s theorem on the range of measures, to infer the existence
of two measurable subsets having characteristic functions χ1(.), χ2(.) such that

∑
χi =

χ[α,β] and with the property that

∫ β

α

1dt =

∫ β

α

[
χ1(t)

1

λ1(t)
+ χ2(t)

1

λ2(t)

]
dt.

However, it is not obvious that the function 1
λ1(t)

is integrable, and thus the results

of [2] need not be applicable. For this purpose we shall use a device already used in
[1]. Consider the sequence of disjoint sets

En =

{
t ∈ [α, β] : n < 1

λ1(t)
≤ n+ 1

}
.

We have that ∪En = [α, β]. Applying Liapunov’s theorem to each En, we infer
the existence of two sequences of measurable subsets En

1 , E
n
2 , having characteristic

functions χn
1 , χ

n
2 , such that for every n,

∫
En

1dt =

∫
En

[
χn

1 (t)
1

λ1(t)
+ χn

2 (t)
1

λ2(t)

]
dt.

Set ∪En
1 = E1, ∪En

2 = E2 and χ1 =
∑
χn

1 , χ2 =
∑
χn

2 . For each m, the function

σm(t) =

m∑
n=0

[
χn

1 (t)
1

λ1(t)
+ χn

2 (t)
1

λ2(t)

]
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is positive, and the sequence converges pointwise monotonically to

σ(t) = χ1(t)
1

λ1(t)
+ χ2(t)

1

λ2(t)
.

Moreover, the sequence of sets V m = (∪m
n=0E

n)m is monotonically increasing to [a, b],

so that
∫ β

α
1dt = limm

∫
V m 1dt. Hence

∫ β

α

1dt = lim
m

∫
sm(t)dt =

∫
lim
m
sm(t)dt,

so that we obtain

∫
s(t)dt =

∫ [
χ1(t)

1

λ1(t)
+ χ2(t)

1

λ2(t)

]
dt =

∫ β

α

1dt.

Define s′(t) = σ(t) . Then
∫ β

α
s′(t)dt = β − α. This proves the claim.

(c) Consider the case in which C is empty. In this case, it cannot be that λ1(t) = 0
on a set of positive measure, and the previous point (b) can be applied to the interval

[a, b]. Set s(t) = a +
∫ t

a
s′(τ)dτ . By the previous point (b), s is strictly monotonic

increasing and maps [a, b] onto itself. Let t = t(s) be its inverse, so that, in particular,
t(a) = a: we have that 1 = s′(t(s))t′(s). Consider the map x̃(s) = x(t(s)). We have

d

ds
x̃(s) = x′(t(s))t′(s) = x′(t(s))

1

s′(t(s))

= x′(t(s))
1

s′(t(s))
χ1(t(s)) + x

′(t(s))
1

s′(t(s))
χ2(t(s))

= x′(t(s))λ1(t(s))χ1(t(s)) + x
′(t(s))λ2(t(s))χ2(t(s))

∈ F (x(t(s)) = F (x̃(s)).

Hence the theorem is proved in this case.
(d) From now on we shall assume that C is nonempty. Set c = supC, so that

c ∈ C. The complement of C is open relative to [a, b]; it consists of at most countably
many nonoverlapping open intervals (ai, bi), with the possible exception of one of the
form [aii , bii) with aii = a, and one (aif , bif ] with aif = c. For each i apply point (b)
to the interval (ai, bi) to infer the existence of K

i
1 and K

i
2, two subsets of (ai, bi) with

characteristic functions χi
1(t) and χ

i
2(t) such that χ

i
1(t) + χ

i
2(t) = χ(ai,bi) and such

that, setting

s′(t) = χi
1(t)

1

λ1(t)
+ χi

2(t)
1

λ2(t)
,

we obtain

∫ bi

ai

s′(τ)dτ = bi − ai.

(e) On [a, c] set

s′(t) =
1

λ2(t)
χC(t) +

∑(
χi

1(t)
1

λ1(t)
+ χi

2(t)
1

λ2(t)

)
,



264 ARRIGO CELLINA AND ANTÓNIO ORNELAS

where the sum is over all intervals contained in [a, c], i.e., with the exception of (c, b].
We have that ∫ c

a

s′(τ)dτ = κ ≤ c− a

since λ2(t) ≥ 1 and
∫ bi
ai
s′(τ)dτ = bi−ai. Setting s(t) = a+

∫ t

a
s′(τ)dτ , we obtain that

s is an invertible map from [a, c] to [a, κ].
(f) Define t = t(s) from [a, κ] to [a, c] to be the inverse of s(.). Extend t(.) as an

absolutely continuous map t̃(.) on [a, c], setting

t̃′(s) = 0

for s ∈ [κ, c]. We claim that the function x̃(s) = x(t̃(s)) is a solution to

y′(s) ∈ F (y(s)), y(a) = xa

on the interval [a, c]. Moreover, we claim that it satisfies x̃(c) = x(c).
To prove the claim, notice that, as in (c), we have that for s in [a, κ], t̃(s) = t(s)

is invertible and

d

ds
x̃(s) = x′(t̃(s))

1

s′(t̃(s))
= x′(t(s))

1

s′(t(s))

= x′(t̃(s))
[
λ2(t(s))χC(t(s)) +

∑(
χi

1(t(s))λ1(t(s)) + χ
i
2(t(s))λ2(t(s))

)]
∈ F (x(t(s)) = F (x̃(s)).

In particular, from t(κ) = c we obtain x̃(κ) = x(c). On [κ, c], x̃ is constant and we
have

d

ds
x̃(s) = 0 ∈ F (x(c)) = F (x̃(κ)) = F (x̃(s)).

This proves the claim.
(g) It is left to define the solution on [c, b]. On it, λ1(t) > 0 and the construction

of points (b) and (c) can be repeated to find a solution to

y′(s) ∈ F (y(s)), y(c) = x(c)

on [c, b]. This completes the proof.
Proof of Theorem 1. By the upper semicontinuity of F , there exist a ball B =

B[xa, ρ] and a positive real M such that F is bounded by M on B = B[xa, ρ]; set
δ = ρ

M and consider the interval I = [a− δ, a+ δ]. On I a solution x to the Cauchy
problem

y′(s) ∈ coF (y(s)), y(a) = xa

exists.
Fix any τ ∈ I. Since the attainable set at τ , Ax0

(τ), is contained in the attainable
set for the solutions to the convexified problem, Aco

x0
(τ), it is enough to show that

Aco
x0
(τ) ⊂ Ax0(τ).
By assumption, for every x, F (x) is almost convex; hence for almost every t ∈

I there exist two nonempty sets Λ1(t) and Λ2(t) such that λ1x
′(t)) ∈ F (x(t)) for
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λ1 ∈ Λ1(t), λ2x
′(t)) ∈ F (x(t)) for λ2 ∈ Λ2(t), and 0 ≤ λ1 ≤ 1, 1 ≤ λ2. Set

Z = {t : x′(t) = 0}: there is no loss of generality in assuming that, for t ∈ Z,
Λ1(t) = Λ2(t) = {1}. We claim that the set valued map t → Λ1(t) is measurable.
Applying Lusin’s theorem to x′, write I \Z as (∪Ki)∪N , where the measure of N is
0, each Ki is compact, and the restriction to Ki of x

′ is continuous on Ki. Then, by
the continuity on Ki of x

′ and of x and the upper semicontinuity of F , it follows that
the map Λ1 has a closed graph on Ki × RN ; since, in addition, its values are closed
subsets of [0, 1], it is upper semicontinuous. It follows then that Λ1 is measurable on
I. The proof that t → Λ2(t) is measurable is similar, with the difference that the
values of Λ2 need not be bounded. In this case, write I \Z as the countable union of
the sets Mn = {t : ‖x′(t)‖ ≥ 1/n}. On each Mn, Λ2 has an upper bound, since F is
bounded, and the same reasoning as in the previous point can be applied.

Hence, by standard arguments, there exist measurable selections λ1(.) and λ2(.)
from the maps Λ1(.) and Λ2(.).

Apply Theorem 2 to the interval [a, τ ] or [τ, a] to prove Theorem 1.
Proof of Corollary 1. Let t∗ = inf{t ∈ [0, t̃] : x1 ∈ Ax0(t)}. Let (tn) be decreasing

to t∗ and let xn be solutions to the differential inclusion

x′(t) ∈ F (x(t))

such that xn(0) = x0 and xn(tn) = x1. A subsequence of this sequence converges
uniformly to x∗, and it is known that x∗ is a solution to

x′(t) ∈ coF (x(t)).

Then, x∗(t∗) ∈ Aco
x0
(t∗), and by Theorem 1 this set coincides with Ax0(t∗). Hence, x∗ is

the solution to the minimum time problem, and t∗ is the minimum time required.
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