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Abstract

Bose-Einstein condensation and the related topic of Gross-Pitaevskǐı equation have
become an important source of models and problems in mathematical physics and
analysis. In particular, in the last decade, the interest inlow-dimensional systems
that evolve through the nonlinear Schrödinger equation has undergone an impressive
growth. The reason is twofold: on the one hand, effectively one-dimensional Bose-
Einstein condensates are currently realized, and the investigation on their dynamics
is nowadays a well-developed field for experimentalists. Onthe other hand, in con-
trast to its higher-dimensional analogous, the one-dimensional nonlinear Schr̈odinger
equation allows explicit solutions, that simplify remarkably the analysis. The recent
literature reveals an increasing interest for the dynamicsof nonlinear systems in the
presence of so-called defects, namely microscopic scatterers, which model the pres-
ence of impurities. We review here some recent achievementson such systems, with
particular attention to the cases of the Dirac’s “delta” and“delta prime” defects. We
give rigorous definitions, recall and comment on known results for the delta case, and
introduce new results for the delta prime case. The latter system turns out to be richer
and interesting since it produces a bifurcation with symmetry breaking in the ground
state. Our purpose lies mainly on collecting and conveying results, so proofs are not
included.
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1. Physical Motivation

In this chapter we review and comment on a recent research line that focuses on the proper-
ties of the dynamics of the time-dependent one-dimensional Gross-Pitaevskiı̌ equation with
singular scatterers, often called, in this context, “defects”. Such equation has become very
popular in the last twenty years because of its relevance in the description of the Bose gases,
and of its link with the Bose-Einstein condensates (BEC). Let us just remind that a Bose
gas is simply a system of a large number of identical Bosons, possibly interacting, while
a BEC is a particular regime that a Bose gas can experience: such a regime isattained at
very low temperatures, for very dilute and weakly interacting gases. The transition from a
non-condensed to a condensed Bose gas can be described as a phase transition. It was first
theoretically foreseen by Bose and Einstein ([16, 23, 24]), and realized seventy years later
by Cornell and Wieman at JILA and by Ketterle at MIT. For these experimental achieve-
ments the three of them were awarded Nobel Prize in 2001.
In the last decade the interest for the dynamics of Bose gases in low dimension has un-
dergone an impressive growth, due to the experimental realization of the so-calledcigar-
shapedanddisc-shapedcondensates, namely, BEC confined in regions that are approxi-
mately one- or two-dimensional. From the point of view of the theory the one-dimensional
case is qualitatively different from the three-dimensional one as, for instance, in the for-
mer no condensation occurs unless a sufficiently strong confinement of the gas is provided.
Nonetheless, already from the first realizations of Bose-Einstein condensation, experimen-
talists made use of asymmetric trapping fields and obtained asymmetric condensates. Such
structures can be accomplished by using suitably anisotropic magneto-opticaltraps. In par-
ticular, the occurrence of condensation has been observed in low dimension too.
An explanation for this disagreement of theory and experiments was provided in 1996 by
Ketterle and Van Druten ([41]), who investigated the occurrence of the condensation in a
gas with a finite number of particles confined in a one-dimensional trap. Obviously, in
this approach the condensation does not manifest itself as a phase transition, that, strictly
speaking, involves a thermodynamic limit and then an infinite number of particles.In spite
of that, in [41] the signature of BEC is provided by the fraction of particles inthe ground
state. Ketterle and van Druten argued that even at a theoretical level the condensation in a
gas of one-dimensional bosons actually occurs, and the famous negative prediction “is only
an artifact of the usual thermodynamic limit which does not apply in the situation realized
in atom traps where a finite number of atoms is given”.

In order to perform a rigorous mathematical analysis of a Bose gas, one can use the
framework of the first quantization. From the physical point of view this choice is justified
by the fact that the physics of the BEC does not involve creation nor annihilation of parti-
cles, but it has to be stressed that this is not always the favorite choice in theoretical physics
(see e.g. [15, 21]). However, in the first-quantized framework the stateof a system ofN
three-dimensional bosons at timet is described by a functionΨN (t), called thewave func-
tion of the system at timet, that belongs to the functional spaceL2(R3N ) and is invariant
under permutation of variables, namely

ΨN (t,x1, . . . ,xN ) = ΨN (t,xσ1 , . . . ,xσN
)

wherexi ∈ R
3 andσ is a permutation of the set{1, . . . , N}.
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As usual, the interpretation of the wave function is supplied by the Born’s rule, that states
that the probability density of finding theN particles in the positions(x1, . . . ,xN ) at time
t is given by|ΨN (t,x1, . . . ,xN )|2.

The dynamics of the system is then described by a linearN -body Schr̈odinger equation,
namely

i∂tΨN (t) = HNΨN (t)

where the Hamiltonian operatorHN acts on wave function as follows:

HNΨN (t) = −
N∑

j=1

∆jΨN (t) +
∑

1≤i<j≤N

v(xi − xj)ΨN (t) +

N∑

j=1

V (xi)ΨN (t). (1.1)

Here the functionv represents the two-body interaction potential between the particles of
the gas (notice that we neglected three-body interactions or more), whileV describes the
effect of the magnetic trap, and is usually assumed to be confining to a regionwhose effec-
tive linear size is calledL. Both V (xi) andv(xi − xj) act by multiplication on the wave
functionΨN (t). In fact, in many models the confining potentialV is replaced by a box of
finite lengthL, with various boundary conditions (periodic, Neumann, Dirichelet, and so
on). We don’t report here on the technical hypotheses commonly assumed onv andV . We
warn the reader that in (1.1) and in what follows we use units such that~ = 2m = 1.

To give a mathematically rigorous definition of Bose-Einstein condensation, we restrict
to the important case ofcondensation in the ground state. Let ΦN be the ground state of
the operatorHN . We define theone-particle density matrixas the linear integral operator
γ̂N,1 onL2(R3) whose integral kernel reads

γN,1(x,x′) :=

∫

R3(N−1)

ΦN (x,y1, . . . ,yN−1)ΦN (x′,y1, . . . ,yN−1) dy1 . . . dyN−1.

The general theory guarantees thatγ̂N,1 is a positive, trace class operator whose trace equals
one.

According to the definition given by Penrose and Onsager ([48]), andfollowing Lieb,
Seiringer, Solovej and Yngvason (see [45] and references therein), we say that Bose Ein-
stein condensation occurs if the largest eigenvalue ofγ̂N,1 does not vanish in the thermody-
namic limit, i.e. in the limitN → ∞, L → ∞, N/L constant. Notice that, from one side,
this definition is consistent with the idea of “macroscopic occupation of the ground state”
used by Ketterle and van Druten, on the other hand it cannot avoid the thermodynamic limit
which, according to [41], prevents one-dimensional gases from condensing.

The breakthrough result in the proof of the condensation for a gas of (three-dimensional)
bosons is due to Lieb and Seiringer ([44]). It is to be stressed that, strictlyspeaking, they
did not prove condensation for the ground state of the Hamiltonian (1.1), but rather for
a rescaled version of this Hamiltonian. More specifically, they proved that inthe limit
N → ∞ and choosing a rescaling for the interaction potentialv such that the scattering
lengtha scales asN−1, namely

a =
a0

N
, a0 > 0, (1.2)
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the one-body density matrix converges to the projection on a particular one-body wave
functionφGP . In the Dirac notation, such result can be expressed as

lim γ̂N,1 = |φGP 〉〈φGP |,

where the symbol “lim” summarizes together the infinite-particle and the thermodynamic
limit. The wavefunctionφGP can be characterized as the unique minimizer of the Gross-
Pitaevskǐı functional

EGP (φ) = ‖∇φ‖2
L2(R3) +

∫

R3

V (x)|φ(x)|2 dx + 4πa0

∫

R3

|φ(x)|4 dx, (1.3)

wherea0 is the scattering length of the unscaled potentialv, under the constraint‖φ‖L2(R3) =

1. Obviously, to find explicitly the functionφGP one has to solve the Euler-Lagrange equa-
tion for the constrained functionalEGP , namely

−∆φ(x) + V (x)φ(x) + 8πa0|φ(x)|2φ(x) = ωφ(x). (1.4)

and then look, among the solutions, for the one of minimal energy. Equation (1.4) is called
thestationary Gross-Pitaevskiı̌ equation.

In fact, the Gross-Pitaevskiı̌ theory is more general, and covers the time-dependent case
too. The picture one should have in mind is the following: once the condensatehas been
produced inside a trap, the trap is removed. Then the condensate starts diffusing outside
the boundary of the trap. Since the state of the condensate is representedby a unique wave
function, the diffusion process could be expected to evolve following the ordinary linear
Schr̈odinger equation of quantum mechanics. In fact, this is not the case: the diffusion of
the condensate is influenced by the fact that the condensate is made of manyparticles that
share the same wave function, and interact one another. This interaction emerges in the
effective evolution as a nonlinear term.
To be more specific, consider the evolution of a gas ofN no longer confined bosons, de-
scribed by the equation

i∂tΨN (t) = −
N∑

j=1

∆jΨN (t) +
∑

1≤i<j≤N

N2v(N(xi − xj))ΨN (t). (1.5)

wherev ≥ 0. Notice that, thanks to the rescaling of the interaction potential, the condition
(1.2) is fulfilled. Choose a completely symmetric initial datum

Ψ1D
N,0(x1, . . .xN ) = ϕ(x1) . . . ϕ(xN ).

Then, theN -body reduced density matrix̂γN,n having the function

γN,n(x1, . . .xn,x′
1, . . .x

′
n)

=

∫

R3(N−n)

ΨN (x1, . . .xn,y1, . . . ,yN−n)ΨN (x′
1, . . .x

′
n,y1, . . . ,yN−n) dy1 . . . dyN−n

as integral kernel, satisfies

lim
N→∞

Trace|γN,n(t) − |ψ(t)〉〈ψ(t)|⊗n| = 0, (1.6)
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whereψ(t) solves thetime-dependent Gross-Pitaevskiı̌ equation

i∂tψ(t,x) = −∂2
zψ(t,x) + α|ψ(t,x)|2ψ(t,x). (1.7)

The operator convergence given in (1.6) is calledtrace-class convergence. It is stronger
than the ordinary operator convergence, and is the only physically meaningful convergence
for density matrices, since it implies the convergence of all observable quantities.
The rigorous derivation of the three-dimensional Gross-Pitaevskiı̌ equation was accom-
plished by Erd̋os, Schlein, and Yau in a series of papers ([26, 27, 28]), while the trace-class
convergence was first recognized by Michelangeli ([47]).

Let us now consider the case of an elongated trap. The key result is the one given by
Lieb, Seiringer, and Yngvason ([46]), which establishes that in a suitable “squeezing limit”
for the trap, the longitudinal energy of the ground state of the three-dimensional gas equals
the ground-state energy of the Lieb-Liniger gas (i.e., a gas of one-dimensional bosons inter-
acting through a delta potential, see [43]) with a properly chosen coupling among the parti-
cles. Besides, the one-dimensional probability amplitude associated to the ground state of
the three-dimensional gas shows the profile of the minimizer of a one-dimensional Gross-
Pitaevskǐı functional. This result has been recently extended by Seiringer and Yinto the
case of excited states ([52]).

Let us describe in some more details this result. First, define thez axis in correspon-
dence with the longitudinal side of the trap, so thex andy axes lie in the transversal direc-
tions. The position vectorx can be correspondingly represented asx = (x⊥, z). Second,
write the confining potentialV as the sum of a longitudinal plus a transversal term, namely

V (x) = V ⊥(x⊥) + V ‖(z). (1.8)

Now, let us introduce some notation:
- e⊥ is the ground state energy of the two-dimensional operatorH⊥ = −∆⊥ + V ⊥;
- E(N, L, r, a) denotes the ground state energy of the Hamiltonian operator

HN,L,r,a = −
N∑

j=1

∆j +
∑

1≤i<j≤N

a−2v(a−1(xi − xj)) + (1.9)

+

N∑

j=1

r−2V ⊥(r−1
x
⊥
i ) +

N∑

j=1

L−2V ‖(L−1zi),

where we decomposed the coordinates of thei-th particle in the gas asxi = (x⊥
i , zi).

- E1D(N, L, g) is the ground state energy of the Hamiltonian

H1D = −
N∑

i=1

∂2
z + g

∑

1≤i<j≤N

δ(zi − zj), (1.10)

where, denoted byb the L2-normalized ground state of the “transversal” non-interacting
Hamiltonian−∆⊥ + V ⊥(x⊥), we defined

g := 8πar−2

∫

R2

|b(x⊥)|4 dx⊥.
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We stress that in (1.10) the Dirac’s distribution defines a potential that acts on wave func-
tions by multiplication.

Then,

lim
E(N, L, r, a) − Nr−2e⊥

E1D(N, L, g)
= 1 (1.11)

where by the symbol “lim” is meant a limit procedure in which:
- the particle numberN tends to infinity;
- the ratior/L between the transversal and the longitudinal dimension tends to zero;
- the quantitya/r tends to zero;
- denoted byρ a particular measure of the one-dimensional density of the gas (for a precise
definition see [45]), the quantityr2ρ min(ρ, g) tends to zero.

In the same papers it was proved that there is a natural notion of “one-particle one-
dimensional wave function” emerging in the limit. To show this, denote byΦN,L,r,a the
ground state of the three-dimensional Hamiltonian (1.1), define the one-dimensional density
amplitude

ψN,L,r,a(z) = N

[∫

R3N−1

|ΦN,L,r,a(x
⊥, z,y1, . . . ,yN−1)|2 dx⊥dy1 . . . dyN−1

] 1
2

.

Furthermore, let us recall that the variational problem

min
‖φ‖

L2(R)=N

[∫

R

[
|φ′(z)|2 + V

‖
L (z)|φ(z)|2 + g|φ(z)|4

]
dz

]

has a unique minimizer, and let us call itϕN,L,g. Then, in a suitable sense, one has

lim
ψN,L,r,a(z)

ϕN,L,g(z)
= 1.

As stated before, a subsequent paper by Seiringer and Yin ([52]) considerably improves
the result, extending it to excited states and therefore giving a full derivation of the Lieb-
Liniger model as a shrinking limit of a three-dimensional Bose gas.

Once realized that a three-dimensional Bose gas in an elongated trap is effectively one-
dimensional, one is led to the problem of describing the effective one-dimensional dynam-
ics. The cited theorems suggest that such dynamics should look like

i∂tΨ
1D
N (t, ZN ) = −

N∑

i=1

∂2
zi

Ψ1D
N (t, ZN ) + (1.12)

+g
∑

1≤i<j≤N

δ(xi − xj)Ψ
1D
N (t, ZN ) +

N∑

i=1

V ‖(xi)Ψ
1D
N (t, ZN ),

where we denoted the string of the longitudinal coordinates of the particles by ZN :=
(z1, . . . , zN ).

Even though for the dynamical problem a rigorous proof of the dimensional reduction
is still lacking, it has been proved that, in a suitable scaling limit and for some special initial
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data, the evolution driven by equation (1.12) can be reduced to a one-body dynamics, even
though a nonlinear one.

The main theorem is a one-dimensional version of the analogous result in dimension
three with singular potentials. It is due to Ammari and Breteaux ([12]), with previous
similar results by A., Bardos, Golse, and Teta ([2, 4]). One ends up with therigorous
derivation of the one-dimensional time-dependent Gross-Pitaevskiı̌ equation

i∂tψ(t, z) = −∂2
zψ(t, z) + α|ψ(t, z)|2ψ(t, z). (1.13)

In what follows we focus on equation (1.13). The core of this chapter is the report on
some recent results on the dynamics described by (1.13) and its generalizations to arbitrary
power non linearities with additional point interactions, i.e., potentials that are concentrated
in a point. Such interactions were introduced, in the linear case, in 1936 by Fermi in order
to describe the scattering of nuclei by slow neutrons ([30]). In the context of the Bose-
Einstein condensates they describe the interaction with an “impurity” or “defect” that is
localized with respect to the characteristic length of the condensate.

The most celebrated among these interactions is the Dirac’s delta potential, butit is
far from being the unique possibility. Indeed, fixed a point on the line, there exists a
4-parameter family of interactions localized on that point, and any of them can be con-
veniently expressed through a boundary condition. Point interactions have been widely
studied as associated to the linear Schrödinger equation, where they proved useful as non
trivial yet exactly solvable models. Nonetheless, their use in the context ofthe nonlinear
Schr̈odinger equation is just at the beginning, therefore such models offer several mathe-
matical open problems: once the preliminary question about their well-posedness has been
solved ([6]), very little is known about the dynamics (see e.g. [37, 38], see also [51] for
numerical investigations), or the problem of bound states. Concerning thelast one it is to
be stressed that, in spite of their explicit character, point interactions provide a detailed de-
scription for complicated phenomena: for instance, the mechanism of symmetrybreaking
in case of strongly oscillating potentials. As explained in the next sections, thisis a feature
of a peculiar point interaction, calledδ′. On the other hand, the popularδ interaction does
not exhibit a bifurcation phenomenon, and this confirms the fact that properties of point
interactions are far from being exhausted by the Dirac’s delta case.

This chapter is organized as follows: in section 2 we describe and classifygeneral point
interactions in the linear context, giving domain and action of the relevant hamiltonian op-
erators and of the related quadratic forms; in section 3 we restrict to two peculiar point inter-
actions (called “Dirac’s delta” and “delta prime”), introduce the nonlinearity, and compute
the stationary states; in section 4 we discuss the problem of the stability of the stationary
states: to this aim we cannot avoid some technicalities related to the variational approach
to this kind of problem. Unfortunately, any general theory of stability of stationary states is
based on variational techniques. Finally, in section 5 we give a very briefdescription of a
new and very concrete approach, due to Holmer, Zworski and coworkers, to the problem of
the dynamics of solitons in the presence of point interactions.

We end this introduction by collecting some notation used throughout the paper(and
sometimes appeared already in the introduction).
1. The setLp(R) contains any complex-valued functionf of a real variable such that
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∫

R
|f(x)|p dx is finite. One defines theLp-norm of a functionf by

‖f‖ :=

[∫

R

|f(x)|p dx

] 1
p

.

Notice that the symbol of the norm does not carry any index when referred toL2(R), i.e.
p = 2.
2. The setH1(R) contains any function inL2(R) whose derivative is inL2(R) too. Such
functions are continuous.
3. The setH1(R+)⊕H1(R−) consists of any function that can be decomposed as follows:

ψ := χ+ψ+ + χ−ψ−,

whereχ± is the characteristic function ofR±, while the functionsψ± are even and belong
to H1(R). Let us stress that such functions can bear a jump discontinuity at the origin. For
such functions, with an abuse of notation, we will denote

‖ψ′‖2 = ‖ψ′‖2
L2(R+) + ‖ψ′‖2

L2(R−).

4. Given a functionalA, its functional derivative evaluated at the functionψ is denoted
by A′(ψ). Such a functional derivative is a linear operator, so its action on a function φ is
written asA′(ψ)φ.

2. Review of Point Interactions

In this section we describe all interactions in dimension one, that are localizedat a single
point. This is done for the sake of completeness and to give an idea of how many possibly
interesting models are still to be explored. However, we warn that from the next section we
will make use of two such interactions only, theδ andδ′ potential.

For a rigorous mathematical treatment of nonlinear Schrödinger equation with defects,
one must at first model the defect. The main feature characterizing it is the tiny length-
scale, so it appears reasonable to model a defect via point interactions.Point interactions in
dimension one are by now well understood and classified.

By definition, the family of hamiltonian operators describing the dynamics of a particle
in dimension one under the influence of a scattering center located at the origin, is obtained
as the set of self-adjoint extensions (s.a.e.) of the symmetric operator

Ĥ0 = −∂2
x (2.1)

defined on the domain
D(Ĥ0) = C∞

0 (R\{0}) (2.2)

of the infinitely regular functions with compact support out of the origin.
By the Krein’s theory of s.a.e. for symmetric operators on Hilbert spaces [8] one easily
proves that there is a4-parameter family of s.a.e. of (2.1). Besides, such a family can be
translated into a4-parameter family of boundary conditions at the point0. The explicit
action and domain of the so constructed operators, following [10, 11, 9, 14] and reference
therein, can be given in one of the of the two following ways:
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• Givenω ∈ C, a, b, c, d ∈ R such that|ω| = 1, ad − bc = 1, we define the s.a.e.HU

as follows:

U = ω

(
a b
c d

)
,

DU := D(HU ) =

{
ψ ∈ H2(R\{0}),

(
ψ(0+)
ψ′(0+)

)
= U

(
ψ(0−)
ψ′(0−)

)}
,

(HUψ)(x) = −ψ′′(x), x 6= 0, ∀ψ ∈ D(HU ).

(2.3)

We stress that the dynamics generated by any HamiltonianHU couples the negative
real halfline with the positive one. In other words, a wave packet initially confined in
the negative half line instantaneously diffuses in the positive one, and viceversa. The
class of point interactions defined by these self-adjoint extension ofĤ0 is therefore
calledcoupling.

• Givenp, q ∈ R ∪ {∞} we define the s.a.e.Hp,q as follows:

Dp,q := D(Hp,q) =
{
ψ ∈ H2(R\{0}), ψ(0+) = pψ′(0+), ψ(0−) = qψ′(0−)

}
,

(Hp,qψ)(x) = −ψ′′(x), x 6= 0 ∀ψ ∈ D(Hp,q).

(2.4)

This second class of point interactions has domains in which the right halflineis decoupled
from the left halfline.
We recall that with the notationHs(Ω) we indicate the Sobolev spaces of the (classes of
equivalence) of functions which are inL2(Ω) and which have distributional derivatives up
to the orders in L2(Ω). In the following we will need just the casess = 1, 2 andΩ = R or
Ω = R \ {0}.

Notice that, using the description provided by the matrixU , and choosingω = a =
d = 1, b = c = 0, one reconstructs the free-particle HamiltonianH0 = −∂2

x on its standard
domainH2(R).
Furthermore, the choiceω = a = d = 1, b = 0, c 6= 0 corresponds to the well-known case
of a pure Dirac’sδ interaction of strengthc. Explicitly

ψ(0+) = ψ(0−)

ψ′(0+) − ψ′(0−) = cψ(0−)
(2.5)

On the other hand, the caseω = a = d = 1, c = 0, b ∈ R corresponds to the case of
the so-calledδ′ interaction of strengthb, namely, to the boundary condition

ψ′(0+) = ψ′(0−)

ψ(0+) − ψ(0−) = bψ′(0−)
(2.6)

Note that in theδ interaction the functions in the domain are continuous and their derivatives
have a jump at the origin, while in theδ′ case the functions have a jump at the origin, and
their left and right derivatives coincide.
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The second form (2.4) allows to include the Neumann or Dirichlet boundaryconditions:
in 0+ they are realized by choosingp = ∞ or p = 0, respectively, and in0− by choosing
q = ∞ or q = 0, respectively.

In [6] it has been proved that the integral form of the Gross-Pitaevskiı̌ equation de-
scribed in the introduction,

ψ(t, x) = e−itHψ0 − iλ

∫ t

0
e−i(t−s)H |ψ(s)|2ψ(s) ds, (2.7)

whereH is any self-adjoint extension of the operatorĤ0, admits a unique solution global
in time for any initial datumψ0 ∈ L2(R). We recall that the use of the integral form in the
place of the differential one is motivated by two main reasons. In the first place the integral
form is better adapted to show existence and uniqueness results by means of usual fixed
point theorems. Moreover, it allows the study of the evolution of finite energyinitial data
(the so called weak or mild solutions), which is physically a more sensible choicethan the
operator domain data (strong solutions).
In the quoted paper it is furthermore proved that

• if ψ0 belongs to the operator domainD(H), then the solutionψ(t) is, at anyt, an
element of the operator domain too.

• if ψ0 belongs to the form domainQ(H), then the solutionψ(t) is, at anyt, an element
of the operator domain too.

Now we discuss the quadratic form associated to the point interactions described by the
operatorsH.
We recall (see for details for example [49]) that the quadratic formBA associated to a self-
adjoint operatorA is the closure (ever existing) of the quadratic form given bybA(φ, ψ) =
(φ, Aψ), for φ, ψ ∈ D(A) and (, ) is the inner product of the underlying Hilbert space.
The form domainQ(A) of the closure turns out to be an extension of the operator domain
D(A). Due to the above definition, the formBA assumes often the meaning of energy, and
the form domainQ(A) that of domain of the finite energy states.
In any case, the quoted results are particularly relevant from a physical point of view, since
they allow to choose any finite energy state as initial datum.

The quadratic forms associated to the self-adjoint extensions ofĤ0 are defined as fol-
lows:
1. For the HamiltonianH0,0 the energy space is

Q0 := {ψ ∈ H1(R), ψ(0) = 0} (2.8)

and the form reads
B0(ψ) = ‖ψ′‖2. (2.9)

2. For the HamiltonianH0,q, q 6= 0,

Q0+ := {ψ ∈ H1(R+) ⊕ H1(R−), ψ(0+) = 0} (2.10)

and
B0,q(ψ) = ‖ψ′‖2

L2(R+) + ‖ψ′‖2
L2(R−) − |q|−1|ψ(0−)|2. (2.11)
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Analogously,
Q0− := {ψ ∈ H1(R+) ⊕ H1(R−), ψ(0−) = 0} (2.12)

and the form reads

Bp,0(ψ) = ‖ψ′‖2
L2(R+) + ‖ψ′‖2

L2(R−) + |p|−1|ψ(0+)|2. (2.13)

3. For the HamiltonianHU , defined in (2.3), withb = 0 the energy space is

Qωa := {ψ ∈ H1(R+) ⊕ H1(R−), ψ(0+) = ωaψ(0−)} (2.14)

and the form reads

Bωa(ψ) = ‖ψ′‖2
L2(R+) + ‖ψ′‖2

L2(R−) + ac|ψ(0−)|2 . (2.15)

4. For any other s.a.e. of̂H0 the energy space is given by

Q := H1(R+) ⊕ H1(R−) (2.16)

To describe the action of the form we have to consider two cases:
4.a. if the Hamiltonian is of the typeHU described in (2.3), withb 6= 0, then

BU (ψ) := ‖ψ′‖2
L2(R+)+‖ψ′‖2

L2(R−)+b−1[d|ψ(0+)|2+a|ψ(0−)|2−2Re(ωψ(0+)ψ(0−))]
(2.17)

4.b. if the Hamiltonian is of the typeHp,q described in (2.4), withp, q both different from
zero, then

Bp,q(ψ) := ‖ψ′‖2
L2(R+) + ‖ψ′‖2

L2(R−) + p−1|ψ(0+)|2 − q−1|ψ(0−)|2 (2.18)

All energy spaces can be endowed with the structure of Hilbert space byintroducing
the scalar product

(ψ, φ)X = (ψ, φ) + lim
ε→0+

∫ +∞

ε

ψ′(x)φ′(x) dx + lim
ε→0+

∫ −ε

−∞
ψ′(x)φ′(x) dx. (2.19)

In the following sections we will be mainly interested to the cases ofδ andδ′ inter-
actions. For a detailed discussion of the mathematical properties of theδ′ interaction see
[10], [11]. For reference, we recall here the precise action and domain of these operators
and their forms, and we name them with distinctive symbols, respectivelyHα andHβ . We
add moreover some further remarks on their properties.

• δ with strengthα: Hαψ = −ψ′′ ∀x 6= 0 and

D(Hα) = {ψ ∈ H2(R\{0}) ∩ H1(R), ψ′(0+) − ψ′(0−) = αψ(0)} (2.20)

• δ′ with strengthβ: Hβψ = −ψ′′ ∀x 6= 0 and

D(Hβ) = {ψ ∈ H2(R\{0}) ∩ H1(R\{0});
ψ(0+) − ψ(0−) = βψ′(0+), ψ′(0+) = ψ′(0−)} (2.21)
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Note that forα = 0 andβ = 0 we get in both cases the free 1-d laplacian. However, the
limit β → 0 is singular, in the sense that the energy space is not stable in the limit.
Concerning quadratic forms and form domains we have the following

• δ interaction withα 6= 0: formula (2.15) applies.

D(Bα) = H1(R), Bα(ψ) = ‖ψ′‖2 + α|ψ(0)|2 (2.22)

• δ′ interaction withβ 6= 0

D(Bβ) = H1(R+)⊕H1(R−), Bβ(ψ) := ‖φ′‖2+β−1|ψ(0+)−ψ(0−)|2 (2.23)

In both casesα = 0 andβ = 0 the δ andδ′ respectively reduce to the free laplacian
form.

Besides, ifψ belongs to the operator domain of aδ′-interaction with strengthβ, then
one has

Bβ(ψ) := ‖φ′‖2 + β|ψ′(0)|2 (2.24)

which is the reason to attribute the name ofδ′ to Hβ , with an often questioned abuse of
interpretation. Finally, we recall the main spectral properties ofHα andHβ.
Both operators have their essential spectrum which is purely absolutely continuous and
precisely:σess(Hα) = σess(Hβ) = σac(Hα) = σac(Hβ) = [0, +∞).
Concerning the discrete spectrum, if nonempty it is purely point, and precisely one has the
following.
If α ≥ 0, thenσp(Hα) = ∅; if α < 0 there exists a unique eigenvalue, given byσp(Hα) =

{−α2

4 }
If β ≥ 0, thenσp(Hβ) = ∅; if β < 0 there exists a unique eigenvalue, given byσp(Hβ) =
{− 4

β2 }
The corresponding normalized eigenfunctions are given,∀ α, β ∈ (−∞, 0), by

ψα(x) =
(
−α

2

) 1
2

e
α
2
|x|, ψβ(x) =

(
− 2

β

) 1
2

ǫ(x)e
2
β
|x|

, ǫ(x) ≡ x

|x| .

The singular continuous spectrum is empty:σsc(Hα) = σsc(Hβ) = ∅.

3. Stationary NLS with Point Interactions

We recall some known facts about the stationary one-dimensional unperturbed nonlinear
Schr̈odinger equation (i.e. without point perturbation)

−ψ′′ + λ|ψ|2µψ = −ωψ, ‖ψ‖ < ∞, ω ∈ R (3.1)

The powerµ of nonlinearity is positive; the nonlinearity is namedattractive if λ < 0 and
repulsiveif λ > 0.

We are interested in real solutions; through the rescalingϕ = |λ|
1
2µ ψ we get the equivalent

problem

−ϕ′′ + q|ϕ|2µϕ = ωϕ, ‖ϕ‖ < ∞, ω ∈ R, q = sign(λ)
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Taking the product of both members withϕ′ yields the equation

1

2
(ϕ′)2 − q

2(µ + 1)
ϕ2µ+2 − ω

2
ϕ2 = E ′

whereE ′ is an unprejudiced integration constant.

Finally, the nonlinear change of wavefunctionϕ(x) =
[

µ+1
2

] 1
2µ

φ
1
µ (µx) yields the standard

problem for a nonlinear quartic oscillator

1

2
(φ′)2 − q

4
φ4 − ω

2
φ2 ≡ 1

2
(φ′)2 + V (φ) = E

The previous equation can be interpreted as the energy equation for a one-dimensional
conservative system with a quartic potentialV (φ). Bound states of the NLS equation
correspond to solutions lying on the level curves of the energy equation and vanishing as
|x| → ∞, the remaining ones being not inL2. These solutions vanishing at spatial infin-
ity necessarily lie on the homoclinic curves of the energy equation connectingequilibrium
points of the potentialV with φ = 0, if they exist, while heteroclinic curves correspond to
solutions with different limits asx → ±∞. Solutions in this second class, while however
interesting theoretically and experimentally, are not inL2; we do not treat them and we
refer to [60] for results on their existence and stability under various hypotheses.

3.1. Repulsive Nonlinearity

The almost totality of rigorous results on NLS equation with point interaction is devoted to
the case of attractive nonlinearity and the present review makes no exception. Nevertheless
we give in the following lines a few remarks on the repulsive quartic NLS.
Let us note preliminarily that for a repulsive nonlinearity (q = 1) with γ = 0 (absence
of point interaction) there are noL2 solutions to the stationary NLS, apart from the trivial
ones. In the caseω < 0, E = ω2

4 there exist two families offinite energysolutions, (i.e.
φ(x) → φ±, φ′(x) → 0, ||φ′||L2 < ∞), corresponding to the heteroclinic curve in the
phase space of the energy equation. These are the so calleddark solitonsor topological
solitonsof the one-dimensional NLS equation, with the explicit expression

φx0(x) = ±
√
|ω| tanh

(√
|ω|
2

(x − x0)

)
,

and correspondingly for the original equation with arbitrary power nonlinearity. We remark
here that dark solitons have actually observed in BEC (see for example [25]).
In the presence of aδ interaction a boundary condition has to be satisfied at the singularity
position, matching a couple of solutions as above,φ(x) = φx±

(x) with x± corresponding
to±x > 0 . An easy check shows that for both attractive and repulsiveδ interaction, one has
thatx± = 0 and the only nonlinear stationary state is the dark soliton without modifications.
Let us consider now the case ofω > 0 . In this case there are no separatrices, but the (non
trivial) solutions corresponding toE = 0 are at least one-sideL2. Their explicit form, after
an easy integration of the differential equation, is given by

φx0(x) =
√

2ω cosech(
√

ω(x − x0)) .
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The interesting fact is that in the presence of attractiveδ interaction they could be matched
at the origin to form a nonlinear bound stateφ(x) = φx±

(x), wherex+ has to be used for
x > 0 , x− has to be used forx < 0 , andx− = −x+ > 0 .
The correct matching turns out to give

φ(x) =
√

2ω cosech(
√

ω(|x| + |x+|)) ,

where, due to the boundary condition,

tanh(
√

ω|x+|) = −2

√
ω

α

This relation shows that, as expected, a solution could exist only for attractive (α < 0) delta
interactions.
The last condition to impose is normalization of the stationary state, which is givenby

1 = 4ω

∫ ∞

0
cosech2(

√
ω(|x| + |x+|))dx = 4

√
ω(coth(

√
ω|x+|) − 1) .

The two constraints onα, ω, |x+| and the conditionω > 0 yield the relations

|x+| =
1√
ω

tanh(1 +
1

4
√

ω
), α = −1 + 4

√
ω

2
, α < −1

2

In particular, there is a threshold in the strength of the attractiveδ interaction which allows
the existence of stationary states in the repulsive NLS. Beyond the threshold, a stationary
state exists and it is unique for every value of the frequencyω.
In the very recent paper [40], to which we refer for details, results are given on stability of
these stationary states.

3.2. Attractive Nonlinearity

From now on we focus on the attractive case, i.e.q = −1.
It is immediate that ifω < 0 then the stationary state equation (3.1) does not admitL2

solutions, just because there are no separatrices, and the solutions do not vanish as|x| → ∞.
For ω > 0 the separatrix curve corresponds to the homoclinic orbit withE = 0 and there
exist solutions rapidly vanishing at infinity. They read

φ(x) = ±
√

2ω sech(
√

ωx)

Correspondingly, for the stationary state of the original equation with generic powerµ we
find the family of waveforms centered atx0

ψx0(x) = ±|λ|−
1
2µ [(µ + 1)ω]

1
2µ sech

1
µ [µ

√
ω(x − x0)]

The properties of these solutions are generic for the stationary focusingSchr̈odinger equa-
tion, even in the presence of more general nonlinearities not of power type: every solution
φ ∈ H1(R) of the stationary equation (up to a translation of the origin) is: i) even or ra-
dial); ii) positive iii) decreasing forx > 0; iv) φ ∈ C2(R); v) exponentially decaying for
|x| → ∞. For details see [13].
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To construct stationary states for the point perturbation of the NLS equation, as before,
the strategy consists in matching the two branches of a solution forx < 0 andx > 0 so to
satisfy the boundary conditions related to the particular point interaction. This is equivalent
to the request that a nonlinear stationary state is an element of the operator domain of
the considered point interaction. The only case widely treated in the literatureis the δ
interactionHα (see [17, 22, 32, 33, 34, 42, 59] and references therein) and morerecently
some results have been obtained for the attractiveδ′ interactionHβ (see [7]).
In any case we search for a solution of the form

ψx1,x2(x) =

{
A1sech

1
µ [µ

√
ω(x − x1)] (x < 0)

A2sech
1
µ [µ

√
ω(x − x2)] (x > 0)

(3.2)

where

A1 = ±
[
(µ + 1)ω

|λ|

] 1
2µ

& A1 = ±A2

3.2.1. δ interaction

Let us begin with theδ interaction. For the convenience of the reader we write here again
the stationary Schrödinger equation (3.1) and theδ-like boundary conditions (2.20):

{
−ψ′′ + λ|ψ|2µψ + ωψ = 0
ψ′(0+) − ψ′(0−) = αψ(0)

(3.3)

Notice that, with respect to (3.1), we drop the normalization condition. The reason for this
choice is that, from a mathematical point of view, this condition turns out to be somewhat
artificial, and hides the structure of the family of stationary states.

From the second equation in (3.3), or, equivalently, from (2.20), one hasD(Hα) ⊂
H1(R), and this forcesA1 = A2 in (3.2) (and we can choose without loss of generality
A1 > 0) andx1 = ±x2. It turns out after a simple calculation that the only function of the
form (3.2) satisfying these properties is given by (x2 = artanh( α

2
√

ω
) = −x1, andǫ(x) is

sign ofx)

ψx1,x2(x) = [
(µ + 1)ω

|λ| ]
1
2µ sech

1
µ [µ

√
ωx − ǫ(x)artanh(

α

2
√

ω
)]

= [
(µ + 1)ω

|λ| ]
1
2µ sech

1
µ [µ

√
ω|x| − artanh(

α

2
√

ω
)] ≡ ψω,α(x). (3.4)

This solution exists only ifω > α2

4 , the value corresponding to the absolute value of the
energy of the linear bound state generated by a delta interaction with strengthα. See [34]
for a discussion of this general phenomenon of bifurcation of the nonlinear eigenfrequency
from the linear one, both from the mathematical and physical points of view.
The given solution has a simple structure: it is symmetric for everyα, and has a single
maximum inx = 0 for an attractiveδ and two maxima inx = ±artanh( α

2
√

ω
) and a local

minimum in0 for a repulsiveδ.
Moreover, the unperturbed stationary state centered atx = 0 is a solution of the delta
perturbed equation, because of the fact that its derivative at the originis vanishing, so the
required boundary condition is satisfied in a trivial way.
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No other stationary states exist for theδ perturbed NLS equation. In particular note the
threshold in the energyE (or frequencyω, which in this context and these units is equiva-
lent), or, stated other way, the fact that at a fixed energy (or frequency) a sufficiently strong
δ interaction is needed to sustain a nonlinear bound state, and this both for the attractive or
negativeδ interaction.

3.2.2. δ′ interaction

Now we come toδ′ interaction (see [7]).
The domain of theδ′ interaction is given by (2.21). From now on we consider the case
of attractiveδ′ interaction, i.e.β < 0. To normalize signs, we defineγ = −β > 0, and
correspondingly

D(Hγ) = {ψ ∈ H2(R\{0})∩H1(R\{0}), ψ(0+)−ψ(0−) = −γψ′(0+) = −γψ′(0−)},
(3.5)

therefore the search for stationary states translates into the problem

−ψ′′(x) + λ|ψ(x)|2µψ(x) + ωψ(x) = 0, x 6= 0, ψ ∈ D(Hγ). (3.6)

In this case the structure of the family of stationary states is richer than in theδ-case. Notice
that for any element of the operator domain a discontinuity atx = 0 is allowed, while right
and left derivatives are prescribed to coincide at the origin. The jump ofthe function at zero
is proportional to the common value of the right and left derivatives at the same point.
As a consequence, one immediately sees that the regular bright soliton centered atx = 0
satisfies the boundary condition, since the continuity is restored by vanishing derivative at
the origin. But in general stationary states are expected to be discontinuous atx = 0, and
indeed they are.
The novel feature of the generic solutions is that boundary conditions allow stationary states
that are not everywhere of constant sign, in contrast to the case ofδ interaction (and of the
ground states of the ordinary regular Schrödinger operators).
More precisely, it results that there are two families of stationary states, defined as follows:
1. A family F1 of “non-changing sign” stationary states, namely

F1 =

{
ψ ∈ H1(R+) ⊕ H1(R−), s.t.ψ fulfils (3.6) andǫ

(
ψ(0+)

ψ(0−)

)
= 1

}
(3.7)

The boundary conditions that defineD(Hγ) on the elements ofF1 give the system

{
t2µ
1 − t2µ+2

1 = t2µ
2 − t2µ+2

2

t−1
1 − t−1

2 = γ
√

ω
(3.8)

wheret1,2 = tanh(µ
√

ωx1,2).
First, the bright soliton centered atx = 0 belongs to this family. Second, it is easily seen,
for instance by graphical methods, that there is a unique solution withx2 > x1 > 0, that
provides a pair of stationary states:ψx1,x2 andψ−x2,−x1 .
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2. A family F2 of “changing sign” stationary states, namely

F2 =

{
ψ ∈ H1(R+) ⊕ H1(R−), s.t.ψ fulfils (3.6) andǫ

(
ψ(0+)

ψ(0−)

)
= −1

}
(3.9)

The boundary conditions provide the system

{
t2µ
1 − t2µ+2

1 = t2µ
2 − t2µ+2

2

t−1
1 + t−1

2 = γ
√

ω
(3.10)

whereti = | tanh(µ
√

ωxi)|.
Then, an analytical and graphical study of the system above gives the following structure
for the solutions:

• ω ≤ 4
γ2 : there are no solutions. We stress that, in analogy with the case of theδ

defect, the threshold corresponds to (the absolute value of) the energyof the linear
bound state sustained by aδ′ defect.

• 4
γ2 < ω ≤ 4(µ+1)

γ2µ
: the system (3.8) has solutions witht1 = t2 only and the unique

corresponding stationary state can be easily and explicitly computed. It is given by
ψx1,−x1 , with

x1 =
1

2µ
√

ω
log

γ
√

ω + 2

γ
√

ω − 2
.

Note that this solution fulfills the symmetry conditionψ(−x) = −ψ(x).

• ω > 4(µ+1)
γ2µ

: besides of the previous symmetric solution, two more solutions appear,
corresponding to roots of (3.10) witht1 6= t2. These solutions exhibit no parity
symmetry, becausex1 6= ±x2.

Summarizing, the familyF1 is composed of a single branch of stationary states of con-
stant sign, which exists for every positive value of the frequencyω. The familyF2 of
changing sign solutions is composed of two subfamilies. A first subfamilyFs

2 of symmetri-
cal stationary states which exist for every value of the frequencyω > 4

γ2 . In correspondence

to the frequency valueω = 4(µ+1)
γ2µ

and for everyω > 4(µ+1)
γ2µ

appears a second subfamily
Fns

2 of couplesof non symmetrical stationary states. As we will see in the following sec-
tion, the ground states of the system belong to the familyF2, whileF1 is entirely composed
of excited states.

Let us remark that in the case of a cubic nonlinearity (µ = 1) a more explicit description
of the family of stationary state is feasible, due to exact solubility of the above algebraic
systems.

4. Stability and Instability of Stationary States

The issue of stability of stationary states of NLS is a well developed subject, with several
classical and well-known results (see for example [18, 35, 36, 54, 55,57, 58] and references
therein). Here we are interested in the stability or instability of stationary states,described in
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the previous section, of the 1-dim focusing NLS withδ or δ′ point perturbation. The subject
is new, and the relevant rigorous literature is not very extended (see [5, 7, 32, 33, 34, 39,
42]). We give an account of the known results referring to the quoted papers for proofs and
details. As in the case of the free NLS equation, several conserved quantities exist in the
presence of point perturbations also, and they are related to the presence of symmetries in
the associated dynamical system. Among these there are i) energy (or Hamiltonian)

H(ψ) =
1

2
B(ψ) +

λ

2µ + 2
‖ψ‖2µ+2

2µ+2

whereB is the quadratic form associated to the particular point interaction and according
to the usual notations inLp spaces,

‖ψ‖2µ+2
2µ+2 =

∫

R

|ψ(x)|2µ+2 dx ;

ii) andcharge(sometimes calledmass), proportional to theL2 norm of the wave function:

Q(ψ) =
1

2
‖ψ‖2.

Let us note that for the free case there is one more conserved quantity, namely the linear
momentum, associated to the translational invariance; in fact, in the perturbed case, this ad-
ditional conservation law ceases to hold due to the translational symmetry breaking caused
by the defect.
For the sake of completeness we recall the well known fact that in the freenonlinear case
and µ = 1 the NLS equation is an integrable system and there is an infinite family of
constants of motion.

We are interested in the existence and stability ofground states, possibly not unique, of
the NLS equation with defect, which in an informal way can be defined as the stationary
states which minimize the energy.
Preliminarily, let us note the following fact about the free case.
The free stationary equation (3.1) is the Euler-Lagrange equation associated to the action

Sω(ψ) =
1

2
‖ψ′‖2

2 +
λ

2µ + 2
‖ψ‖2µ+2

2µ+2 +
ω

2
‖ψ‖2 = H(ψ) + ωQ(ψ) (4.1)

By consideringω as a Lagrange multiplier, a solution of the stationary equation (3.1) is
also, formally, a stationary point ofH at constantQ.
It is a well-known property of standard NLS equation (not only in one dimension) that the
stationary points ofH at constantQ are the minimizers of the action 4.1 among the non
trivial solutions of (3.1). In other words, givenλ < 0, for everyω > 0 there is a unique
positive solution of (3.1); moreover, this solution is the unique positive minimizerof the
variational problem

d(ω) = inf{Sω(ψ), ψ ∈ H1(R), ψ 6= 0, S′
ω(ψ)ψ = 0} (4.2)

The constraint in the previous variational problem is equivalent (for theminimizers) to the
validity of (3.1). Note that it is explicitly given by

S′
ω(ψ)ψ = ‖ψ′‖2 + λ‖ψ‖2µ+2

2µ+2 + ω‖ψ‖2 ≡ Iω(ψ) = 0
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We will define asground statesof the NLS equation the minimizers ofH at constantQ, if
they exist, i.e. solutions of the variational problem

g(ω) = inf{H(ψ), ψ ∈ H1(R), ψ 6= 0, Q(ψ) = cost} . (4.3)

We give here the definition of neighborhood and stability used in this context.Due to
theU(1) symmetry exhibited by the problem, the notion of stability we are referring to is
necessarily the one oforbital stability. In the free case the definition of stability should
be different (see [18] chapter 8 for details and discussion). Correspondingly, to define
neighborhoods we refer toU(1)-orbits instead of single elements:

Definition 4.1. LetQ be the domain form. The set

Uη(φ) := {ψ ∈ Q, s.t. inf
θ∈[0,2π)

‖ψ − eiθφ‖Q ≤ η}

is called thespherical neighborhood with radiusη of the functionφ.

According to the given definition, we define as stable any stationary solutioneiωt φ such
that, starting suitably close to it, a solutions remains arbitrarily close to itsU(1)-orbit in the
future. More precisely,

Definition 4.2. A stationary stateφ is stableif for anyε > 0 there existsη > 0 such that

inf
θ∈[0,2π)

‖ψ − eiθφ‖Q ≤ η ⇒ sup
t≥0

inf
θ∈[0,2π)

‖ψ(t) − eiθφ‖Q ≤ ε,

whereψ(t) is the solution to the problem(2.7) with ψ as initial datum. A stationary state
which is not stable, is calledunstable.

Let us stress again that, if a stationary solutioneiωtφ is stable, then another solution remains
close time by time not toeiωtφ, but to some elementeiθ(t)φ, if it starts close enough toφ.
The stability in the presence of symmetry has been widely studied for severaldecades.
In the analysis of the examples of the following sections the main technical tool isthe so-
calledQ method, known in the physical literature from the seventies and often referred to as
Vakhitov-Kolokolov method [56], and rigorously studied by Weinstein and Shatah-Strauss
in the eighties ([57, 58, 53, 35, 36]). According to this method, the stability ofthe stationary
states which are minima of the actionSω is controlled by the convexity of a real function
of one real variable (at least in the case of a one dimensional and commutative symmetry
group; for more general situations see [36]). This function is so constructed: preliminarily,
by variational methods or other methods a family of stationary statesψω is found. The
dependence in the frequencyω is continuous and differentiable. Then define

d : (ω1, ω2) → R , d(ω) = S(ψω), (4.4)

where(ω1, ω2) is a suitable open interval inR; sod(ω) coincides with the action evaluated
on the stationary stateψω.
The stability criterion, roughly speaking, is the following: ifd′′(ω) > 0 the stationary state
corresponding toω is stable, and ifd′′(ω) < 0 it is unstable.



20 Riccardo Adami, Diego Noja, Andrea Sacchetti

More precisely, for the validity of the criterion, some precise spectral conditions have to
hold for the operator describing the linearization around the stationary state, i.e S′′(ψω).
These condition are discussed, for example, in the original papers ([36] [GSS2]).
The nameQ-method is due to the fact thatd′(ω) = Q(φω) whenS = H+ ωQ. The utility
of the method mainly relies to the degree of explicit knowledge of the family of stationary
states, and its dependence onω. In the case of the free cubic NLS orδ andδ′ perturbed
cubic NLS this knowledge at our disposal is actually explicit, so the method canbe directly
applied. For a more general power nonlinearity the solution cannot be expressed in terms of
elementary functions, however the method works as well. In the case of a general potential
V the method is of more difficult applicability.
Let us stress the fact that other methods are known for the study of orbital stability of
families of stationary states of the NLS. In particular for the stability of groundstates, an
alternative to theQ method is given by the variational method developed by Cazenave and
Lions (see [19, 18]).

4.1. Stability of Solitary Waves in the Presence ofδ Interactions

The focusing NLS withδ interaction is the main topic of the recent papers [33, 32, 42].
However, a first analysis of this equation appeared previously in [34, 39]; in particular, in
the second paper an analysis based on dynamical systems methods appears for the case of
two δ interactions. This case is not a trivial extension of the case with a single delta, since
it displays a relevant phenomenon of symmetry breaking for the set of ground states.
Let us start by the case of a singleδ interaction. Here, as one can expect, the dynamics
perturbed by an attractive defect, which cooperates with the focusing nonlinearity, is re-
markably different from the dynamics perturbed by a repulsive defect,with is competing
with the nonlinearity. Moreover, there must be a threshold in the stability, depending on the
nonlinearity power, on account of the onset of blowup for supercritical nonlinearities.
Let us begin to analyze attractiveδ interactions.
In the first place one provides a variational characterizations of stationary solutions of the
problem. The stationary equation for NLS with aδ interaction is given by

Hαψ + λ|ψ|2µψ = −ωψ, ‖ψ‖ = cost, ω ∈ R, ψ ∈ D(Hα) . (4.5)

The following theorem is proved in [33].

Theorem 4.3. Let ω > α2

4 andα < 0. Then, there exists a unique real positive solution
ψω,α of equation(4.5). This solution is the unique positive minimizer of the constrained
variational problem

d(ω) = inf{Sω,α(ψ), ψ ∈ H1(R), ψ 6= 0, S′
ω,α(ψ)ψ = 0}

where

Sω,α(ψ) =
1

2
‖ψ′‖2 +

α

2
|ψ(0)|2 +

λ

2µ + 2
‖ψ‖2µ+2

2µ+2 +
ω

2
‖ψ‖2

Explicitly, ψω,α is given by(3.4), and every other complex solution of(4.5) is of the form

eiθψω,α for someθ ∈ R. Finally, there not exist solutions of(4.5) for ω ≤ α2

4 .
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Note that

S′
ω,α(ψ)ψ = ‖ψ′‖2 + α|ψ(0)|2 + λ‖ψ‖2µ+2

2µ+2 + ω‖ψ‖2 ≡ Iω,α(ψ) (4.6)

The natural constraintIω,α(ψ) = 0 defines the so-called ”Nehari manifold” associated to
the action of the variational problem. It is a standard tool to control a variational problem
where the action is not bounded from below or from above, as it is here the case and in
analogy with the free case. According to [33, 7], to prove that the minimum problem has a
solution one exploits a) the boundedness from below of the action on its Nehari manifold
(i.e. the natural constraint given by the set of solution of Euler Lagrangeequations); b) the
fact that the Nehari manifold is away from zero; c) some inequalities due to Brézis-Lieb
to show that the minimizing sequence is in fact an element of the minimization domain; d)
finally, minimizers turn out to be elements ofD(Hα) and satisfy the stationary equation in
(4.5).
Concerning stability, the situation for an attractiveδ interaction is completely described by
the following theorem, proved in [33, 32].

Theorem 4.4. Letω > α2

4 andα < 0.

1. Let 0 < µ ≤ 2; then the stationary stateψω,α is stable inQ = H1(R) for any

ω ∈ (α2

4 , +∞) .

2. For µ > 2 there existsω1 = ω1(α, µ) such thatψω,α is stable inQ = H1(R) for

ω ∈ (α2

4 , ω1) and unstable forω ∈ (ω1, +∞) .

In [33] a equation for the stability frequency thresholdω1(α, µ) is given. It is not known
the stability character ofeiωtψω,α at the thresholdω1 whenµ > 2.
Let us note that the attractiveδ interaction stabilizes the critical caseµ = 2, which is
unstable in the absence of the defect. This result follows from the general Grillakis-Shatah-
Strauss theory ([35]).

Now we come to the repulsiveδ case. Here the situation is more complicated, due to
the fact that a variational characterization of stationary states is missing. Indeed, the action
Sω,α(ψ) constrained on the Nehari manifold does not attain its minimum inQ = H1(R).
Nevertheless, it has a minimum inH1

rad(R) = {H1(R)|ψ(x) = ψ(−x)}, the subspace of
even (or ”radial”) functions ([32]). Moreover, there is stability inH1

rad(R) for 0 < µ ≤ 1

for ω ∈ (α2

4 , +∞) . and for1 < µ < 2 in (ω2 + ∞) for a certainω2 = ω2(α, µ). A more
complete analysis ([42]) reveals the following situation.

Theorem 4.5. Letω > α2

4 andα > 0.

1. Let0 < µ ≤ 1; then the stationary stateψω,α is unstable inQ = H1(R) for any

ω ∈ (α2

4 , +∞) .

2. For 1 < µ < 2 there existsω2 = ω2(α, µ) such thatψω,α is unstable inQ = H1(R)

for ω ∈ (α2

4 , ω2) ∪ (ω2, +∞)

3. For µ ≥ 2 the stationary stateψω,α is unstable inQ = H1(R).
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Again, it is possible to give an equation for the stability frequency thresholdω2(α, µ) but
it is not known the stability character ofψω,α at the thresholdω2 whenµ > 2. Note that
in case of stability, the threshold would be an isolate (and in fact the unique) stability point
in H1(R) of the family of the stationary states in the repulsiveδ case. For the repulsiveδ
defect too, one makes use of the Grillakis-Shatah-Strauss theory to prove instability, and in
particular a non trivial analysis of the eigenvalues of linearizationS′′

ω(ψω,α) of the action
around the stationary state is needed. See [42] for details.

4.2. Stability in the Presence ofδ′ Interaction

We give here a brief description of the recent results contained in the paper [7].
We recall that in theδ′ interaction the form domain isQ = H1(R+) ⊕ H1(R−), and we
treat only the attractiveδ′ interaction, so we pose−β = γ > 0 andHγ = H−β.
The stationary equation for NLS with aδ′ interaction is given by

Hγψ + λ|ψ|2µψ = −ωψ, ‖ψ‖ = cost, ω ∈ R, ψ ∈ D(Hγ) . (4.7)

The form of stationary states has been discussed in the previous sections. As in the case of
theδ interaction we have

Theorem 4.6. Letω > 4
γ2 andγ > 0. Let us consider the constrained variational problem

d(ω) = inf{Sω,γ(ψ), ψ ∈ Q, ψ 6= 0, S′
ω,γ(ψ)ψ = 0} (4.8)

where

Sω,γ(ψ) =
1

2
‖ψ′‖2 +

1

2γ
|ψ(0+) − ψ(0−)|2 +

λ

2µ + 2
‖ψ‖2µ+2

2µ+2 +
ω

2
‖ψ‖2.

Then:

if ω ∈ ( 4
γ2 , 4(µ+1)

γ2µ
) there exists a unique minimizerψω,γ of the variational problem(4.8)

which is the unique changing sign solution of the equation(4.7), and the minimizerψω,γ ∈
Fs

2 ;

if ω > 4(µ+1)
γ2µ

there exist exactly two minimizers of the constrained variational problem
(4.8), they solve(4.7)and belong toFns

2 .

Finally, there are no solutions of(4.7) for ω ≤ 4
γ2 .

The states of the familyF1 do not minimize the problem (4.8), because a minimizer cannot
have constant sign. To clarify this point, let us consider a non-negativefunction

ψ = χ+ψ+ + χ−ψ−,

lying in the energy domain, and define

ψ̃ = χ+ψ+ − χ−ψ−.

Then one easily sees
Sω(ψ̃) ≤ Sω(ψ).
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So, the ground states are members of the familyF2, while the elements ofF1 turn out
to be excited states of the system.
We concentrate on the analysis of stability of the ground states. In the case of a δ′ interac-
tion thanks to an argument which combines (see [31]) variational method and the estimation
(elementary but lengthy) of the sign of the functiond′′(ω), it turns out that for lower fre-
quency, precisely in the intervalω ∈ ( 4

γ2 , ω∗) for a certain finiteω∗, the (anti)symmetrical
states are stable; crossing the critical frequencyω∗ the couple of newly non symmetrical
states which bifurcate fromψω∗ are stable. It is an open question the stability character of
the symmetrical states passing the critical frequencyω∗, but there are indications of their in-
stability. So the global emerging picture is that of a pitchfork bifurcation with anexchange
of stability.
Taking in account the theorem (4.8), one concludes that

Theorem 4.7. Let1 ≤ µ ≤ 2. Then:

i) any ground state is stable;

ii) the pointω∗ := 4(µ+1)
γ2µ

is a bifurcation point;

iii) the set of ground states

G ⊇
{

ψω ∈ Fs
2 , ω ∈

(
4

γ2
,

4(µ + 1)

γ2µ

)}
∪

{
ψω ∈ Fns

2 , ω ∈
(

4(µ + 1)

γ2µ
, ∞

)}

iv) if ψω∗ is unstable, the above inclusion is an equality; if it is stable, one has

G =

{
ψω ∈ Fs

2 , ω ∈
(

4

γ2
,

4(µ + 1)

γ2µ

]}
∪

{
ψω ∈ Fns

2 , ω ∈
(

4(µ + 1)

γ2µ
, ∞

)}

Concerning the last point, the stability of the bifurcation stateψω∗ is still an open problem.
Summarizing, there is a spontaneous symmetry breaking which results in the birthof asym-
metrical states out of the family of symmetrical ones.
We remark that no such a phenomenon shows in the case of a singleδ perturbation of NLS.
Nevertheless an analogous situation appears in the case of NLS withtwo attractiveδ inter-
actions (see [39] where an analysis of this model is given by means of dynamical systems
methods). This is a model (although singular) of a double well potential, and abifurcation
with symmetry breaking should be considered as expected. Concerning NLS with double
well potentials we should remark that the associated bifurcation phenomenonhas been re-
cently discussed for any nonlinearity powerµ and any spatial dimension in the semiclassical
limit [51]. With more details, it has been shown that when the nonlinearity powerµ is less
than a critical valueµthreshold then a supercritical pitchfork bifurcation occurs; on the other
side, whenµ is large thanµthreshold then a subcritical pitchfork bifurcation associated to
the appearance of saddle nodes occurs. The critical value is given by

µthreshold =
1

2

[
3 +

√
13

]
(4.9)

and it is an universal critical value in the sense that it does not depend on the spatial dimen-
sion as well as the shape of the double well.
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As a final remark, we note that the analogy with the double well could be not acoinci-
dence, indeed it is perhaps reminiscent of the fact that theδ′ interaction can be approximated
in the resolvent norm sense by a suitable scaled set of threeδ interactions (see [29]) which
can be considered, as above for the double well, a singular model of a multiple well.

5. Scattering of Solitons on Point Defects

A step beyond the stationary states in the analysis of dynamics of NLS with pointpertur-
bations is given by the analysis of the behaviour of traveling solitary waves. These solitary
waves are exact solutions of the free NLS, as a consequence of translation invariance of the
equation, but this symmetry is in fact destroyed by the defect, as already remarked above.
In spite of this there are at least two valid motivations to study the evolution of traveling
waves in the presence of a defect. The first is the obvious constatation thatreal media are
not ideal, both in the case of BEC and in the other main field of application of NLS, i.e.
nonlinear optics; the second is of more theoretical nature, and is the fact that a point defect
is a first, quite primitive model of the by far more difficult and not yet well understood
situation of the collision of two solitons. If one of the two solitons is much slower than the
other, then its effect can be hopefully well approximated by aδ interaction. In this respect,
in the last years in a series of papers ([37, 38]), Holmer, Marzuola, Zworski and Datchev
have pointed out the remarkable behaviour of the cubic focusing NLS with aδ interaction,
both repulsive and attractive. The NLS or GP equation

i∂tψ = −∂2
xxψ − |ψ|2ψ

admits, as it is well known, the family of solitary solutions (where all the symmetriesof the
Galileo group show up)

ψ(t, x) =
√

2ωeiγ(t)sech(ω(x − x0 − vt))

whereγ(t) = γ + v
2x + (ω2 − v2

4 )t andv, x0, ω, γ ∈ R.
Now, consider the same equation with aδ interaction, i.e.

i∂tψ = Hαψ − |ψ|2ψ.

Suppose in the remote past a soliton-like wave of the type above is approaching the defect,
and at a certain time collides with it. For simplicity let us consider the remote initial data

ψ(0, x) =
√

2ei v
2
xsech((x − x0)) .

It is possible to show ([37, 20] for the repulsive and attractive defectrespectively) that
asymptotically in the future and in the limit of highv, the dynamics of the scattered wave
can be described as a sum of a reflected and a transmitted solitary wave (withsuitable
frequency-amplitude relations) and a small amount of radiation, decaying with time. Pre-
cisely, one has the following result.
Let be givenǫ > 0, and let us consider time interval

1 +
|x0|
v

≤ t ≤ ǫ log v
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then, forv → +∞ one has

u(t, x) = uT (t, x) + uR(t, x) + OL2
x
(vζ+ǫ) + OL∞

x
(t−

1
2 )

whereζ = −1 for α > 0 andζ = −5/6 for α < 0 and the transmitted and reflected
componentsuT anduR are solitons themselves:

uT (t, x) = eiφT eixv ei(AT− v2

4
)t AT sech(AT (x − x0 − vt)) ,

uR(t, x) = eiφR eixv ei(AR− v2

4
)t ARsech(AR(x − x0 + vt))

where theφT , φR, AT , AR depend on the parametersv andq but not onǫ.
As regards the transmission rate of the system, defined here as the limit

T s
α(ψ) = lim

t→∞
‖ψ(t)|x>0‖
‖ψ(t)‖ ,

it exists and coincides, up to small correction for high velocity, with the transmission rate
of the linear delta interaction (see [10] for these scattering properties ofHα):

T s
α =

v2

v2 + α2
+ O(v−σ)

for a certainσ > 0.
These facts, expected on the basis of numerical calculations, confirm in arigorous way the
view that the soliton wavefunction colliding with the potential, after a complicated interac-
tion, splits in two solitons, one reflected and the other transmitted; these solitons conserve
their form on a certain time, which at present status of the analysis is at leastof the order
log v. Moreover the amount of soliton mass transmitted by theδ barrier is controlled by the
scattering matrix of the linear operatorHα.
The proofs of these results are not easy, and we refer to the quoted literature. We remark that
they rely heavily on asymptotic properties of the solutions of the cubic NLS free equation
based on the inverse scattering method, so using the integrability structure ofthe equation.
Up to now it seems that they are not extendible as such to a general nonlinearity, also
of power type. There are however some recent announced results ofPerelman G. (2009,
private communications) showing for the NLS with nonlinearity close to cubic, that a fast
soliton interacting with a stationary high mass soliton splits into two solitons which scatter
through the scattering matrix of the high mass soliton. This result is in the directionof
justify the substitution of one of the colliding solitons, the ”higher” with aδ interaction, as
mentioned at the beginning of the paragraph. A recent extension of the results of Zworski
and coworkers has been obtained in the case of fast solitons on star graphs, with various
conditions at the vertex (see [3])
We mention moreover the recent paper [1], where the authors study the dynamics oftwo
solitons of a non necessarily integrable NLS equation with an external potential. The system
is somewhat different from that of Zworski and coworkers, but here too the timescale at
which the two solitons preserve their identity and shape after the collision turn out to be
again of the order oflog v, wherev is the relative velocity of the initial solitons.
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