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AIM - Unité Mixte de Recherche CEA - CNRS - Université Paris VII,
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Summary

We consider a magnetic field B occupying the domain D and having all its lines tied to
the boundary S of D, and present new formulae for its relative magnetic helicity and its field
line helicity (computed by imposing a specific gauge condition). These formulae make explicit
the topological nature of these quantities as they express them in terms of either the magnetic
mapping of B (associating together the two footpoints on S of any line) and its normal component
on S, or (assuming B to have a simple topology) a couple of Euler potentials of B. We also show
that the field line helicity of a simple topology field uniquely characterizes its magnetic mapping.

1 Statement of the problems

The relative helicity of the magnetic field B occupying the simply connected domain D is given by

H =

∫
D

(A + Aπ) · (B−Bπ)dv, (1)

where Bπ is the unique potential field with the same normal component as B on the boundary S
of D (Bπ · n̂ = B · n̂ = Bn, with n̂ the external normal to S), and A and Aπ are arbitrary vector
potentials of B and Bπ, respectively. This gauge invariant quantity, which was first introduced in
[1], reduces to the usual magnetic helicity [2] when Bn = 0 on S.

Here we restrict our attention to fields whose magnetic lines L are (almost) all tied to S (a line
L(r) emerging into D at a point r of S+ ⊂ S where −Bn > 0 and leaving D at a point of S− ⊂ S
where −Bn < 0). Moreover, we assume that the subdomain S0 ⊂ S where Bn = 0 has a null area.
Choosing for the vector potentials specific determinations C and Cπ such that

∫
DCπ · Bπdv = 0

and (C−Cπ)× n̂ = 0 on S, we thus have

H =

∫
D
C ·Bdv =

∫
S+
h(−Bn)ds, (2)

where we have introduced the field line helicity h of B defined by [3]

h(r) =

∫
L(r)

C · d l, r ∈ S+. (3)

Both the relative helicity H and the field line helicity h are ideal MHD topological invariants,
i.e., their values do not change if the field B is subject to deformations that are constrained by
the frozen-in law and keep fixed the positions of the footpoints on S [1, 3]. These quantities thus
depend only on the topology of the lines of B and on Bn |S , and it appears natural to address
the two following questions: (i) Do H and h admit expressions in which this dependence appears
explicitly? (ii) Reciprocally, does the function h characterize in a unique way the topology of the
magnetic lines [4]? (This is obviously not the case for the relative helicity H).

2 Results

Our main results on these two problems are the following ones:



• Introduce the magnetic mapping M of B, i.e., the mapping that associates to the footpoint r
of L(r) on S+ its footpoint M(r) on S−, and assume that B has a simple topology (meaning
that M is continuous). Then

h(r) = χ(r), with χ(r) =

∫
C(r0,r)

dl · [DM · C̃π −Cπ], (4)

H =

∫
S+
χ(−Bn)ds =

∫
S+

(DM · C̃π ×Cπ) · n̂ds. (5)

Here DM denotes the linear application tangent to M, C̃π(r) = Cπ(M(r)), and C(r0, r) is an
arbitrary curve of S+ connecting the arbitrarily chosen point r0 of S0 to r. As required, these
expressions explicitly exhibit the topological invariance of h and H as neither the magnetic
mapping nor Bn – and then Cπ – do change when the field suffer an ideal MHD deformation
keeping fixed the positions of its footpoints. For a complex topology field, D can be decom-
posed into cells Dk, in each of which the topology is simple and h can be expressed as in Eq.
(4), but with a constant ck added in the right-hand side. These constants are shown (at least
in some cases) to stay unchanged when the field is deformed, and the expression for h – and
the corresponding expression for H – still satisfy the explicit invariance condition.

• In the case where both B and Bπ have a simple topology, we can construct couples (U, V )
and (Uπ, Vπ) of Euler potentials such that B = ∇U ×∇V and Bπ = ∇Uπ ×∇Vπ in D, and
U = Uπ and V = Vπ on S+. Then we have

H =

∫
S−
UUπ(∇V ×∇Vπ) · n̂ds. (6)

Again, we have a formula that shows immediately the topological invariance of H, as U and
V are well known to not suffer any change on S− when B is deformed as indicated above.

• Consider two fields B1 and B2 having a simple topology and the same normal component on
S, and assume that they have identical field line helicities, h1 = h2. Then they have the same
magnetic mapping, M1 = M2, and hence the same topology. This result extends the domain
of validity of a result of Yeates and Hornig [4], who restricted their attention to the case of
an unidirectional field in a tube-like domain (in that situation, however, S has a lateral part
S0 of positive area on which Bn = 0 and we have to specify a “winding number” w on S0 (in
addition to M) in order to characterize the topology of the lines of B. Our argument can be
completed to prove that h1 = h2 also implies w1 = w2 in such a configuration).

• All the results presented above are still valid if we substitute for Bπ an arbitrary reference
field Bref having Bref n = Bn on S. In that case, however, the relative helicity is no longer
an intrinsic attribute of the field B.
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