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Summary

The generic pathway for entrainment of one phase into another is through singularities on the free
surface between the phases. This has been well established for viscous fluids, both theoretically and
experimentally. We provide evidence that similar principles are at work at low viscosity, for example for
the entrainment of air into water.

Cusp singularities on the free surface of a viscous fluid have been found in Jeong and Moffatt’s seminal
work [1]. The tip of the cusp is regularized by the presence of surface tension, and the characteristic scale of
the tip is set by a competition between viscosity and surface tension. The local scaling structure of the cusp
can be understood in terms of a geometrical argument [2]. This suggests that the same structure should be
observed generically, regardless of the nature of the driving flow. The same argument also puts constraints
on the form of the singularity in three dimensions, which might be called the “scars” of the free surface.

In viscous flow is has been shown ([3],[4]) that cusp singularities are the locus where another phase (such as
air) is entrained into the fluid. The reason is that the air which is sucked into the cusp builds up a lubrication
pressure, which drives a bifurcation. A sheet of air is dragged into the fluid, which may greatly enhance the
penetration of a fluid into another fluid, because the air “coates” the fluid.

These arguments suggest that air entrainment by a similar local mechanism is not possible in the case
of water, because the capillary number, which sets the balance between viscous and surface tension forces,
is small for realistic flow speeds. However, as shown in [5], cusp singularities may also arise as a result of
inertial forces alone, at least if no surface tension is present. A similar point was made in [6], where it was
argued that scars, as seen in Fig. 1, are the locus where air is entrained into the fluid [6]. Similar phenomena
are observed frequently when watching a mountain stream, where places of a highly deformed free surface
coincide with the presence of bubbles.

Adding surface surface tension, one finds that a inertia and surface tension cannot balance in the same
way that viscous forces and surface tension balance to form a rounded cusp. Instead, entrainment of air into
water must be an unsteady process, during which bubbles are entrained sequentially. Simulations using the
Gerris software confirm this. We will also report on a new series of experiments with smooth jets of water
impinging vertically onto a bath of water. A critical speed exists above which air is entrained. This supports
the idea that entrainment at small viscosity is controlled by a local process.

Fig. 1: The free surface of a turbulent flow. On the surface a network of grooves or “scars” is visible.
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