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Summary

Integrals of an arbitrary function of the vorticity, two-dimensional topological invariants of
an ideal barotropic fluid, take different guise from the helicity. Noether’s theorem associated with
the particle relabeling symmetry group for the Euler-Poincaré equations, leads us to a unified
view that all the topological invariants of a barotropic fluid are variants of the cross-helicity.
We show that the similar holds for the baroclinic fluid flows, the MHD and the relativistic fluid
motion. It is likely that the topological invariants associated with the vorticity are necessarily
representable in the form of the cross-helicities.

1 Introduction: Ideal Barotropic Flows

The helicity H[ω] =
∫
D u · ωdV, with the velocity u(x, t) and the vorticity field ω = ∇ × u, is a

distinguishing integral invariant of three-dimensional Euler flows of an ideal barotropic fluid. This
invariant is tied with the invariance of linkage and knottedness of vortex filaments [1, 2]. For two-
dimensional ideal barotropic flows on the xy-plane, the vorticity vector has the only the z-component
ω = ωez with ez being the unit vector along the z-axis. Denoting the density field by ρ, there is a
family of integral invariants, called the generalized enstrophy Q[ω, ρ] =

∫
ωf (ω/ρ) dA, where f is

an arbitrary function of ω/ρ. In the Hamiltonian mechanics, Q is a Casimir invariant.
By topological invariants we mean integrals that are invariant with respect to arbitrary dif-

feomorphisms of the domain D onto itself. The diffeomorphism is generated by the velocity field
u(x, t). For an ideal fluid, the generator u(x, t) is ruled by the Euler equations. The original defi-
nitions H and Q mask their genuine topological structure. For given ω(x, t), there exists a vector
potential v(x, t) satisfying ω = ∇× v. If we forget the relation ω = ∇× u and take the uncurl of
the vorticity equations, we obtain a generalized form of the Euler equations

∂vi
∂t

+ (u · ∇) vi + vj
∂uj
∂xi

=
∂π

∂xi
, (1)

where π(x, t) is an arbitrary scalar field, and summation is taken for repeated index j. We call (1)
the Euler-Poincaré equations [3]. When specialized to v = u, (1) reduces to the Euler equations.
Noether’s theorem dictates that behind every conservation lies a varitional symmetry. A topological
invariant is characterized by the particle relabeling symmetry. By effecting this for (1), we obtain
the cross-helicity as the Noether charge, regardless of spatial dimension,

HC[ω,F ] =

∫
D
v · F dV ;

D

Dt

(
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)
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(
F

ρ
· ∇

)
u, ∇ · F = 0. (2)

It is easy to show that F = ∇× fez satisfies the second of (2). Upon substitution, the left of (2)
reproduces Q in 2D [4], except for the surface term arising from partial integration.

The cross-helicity (2) unifies H and Q In the following sections, we inquire into the stratified
flows, endowed with the baroclinic effect, and the ideal magnetohydrosynamics (MHD).

2 Stratified Flows

For motion of a stratified flow, the baroclinic effect no longer respects the property of the vorticity
of being frozen into the flow. As a consequence, the vortex-line topology is no longer preserved.



We are requested to develop a means for identifying topological invariants. We appeal to Noether’s
theorem for the Euler-Poncaré equations extended to include the baroclinic effect. The end product
of the associated conservation law is again the cross-helicity (2), though a constraint is enforced on
the second equation of (2) so as to be compatible with the baraoclinic effect.

For three-dimensional non-isentropic ideal gas flows, Ertel’s potential vorticity is convected
without change of its magnitude, in addition to the specific entropy s,

q =
1

ρ
(∇× u) · ∇s;

Dq

Dt
= 0. (3)

The Casimir invariant is C =
∫
ρF (s, q)dV, for an arbitrary function F .

In the same way as before, we can prove that (2) is derived from the cross-helicity with the
solenoidal vector field being subjected to the constraint (F · ∇)s = 0. It is shown that the Casimir
invariant C can be gained, with an appropriate choice of F , from the cross-helicity of the form (2).

3 Magnetohydrodynamics (MHD)

For an ideal magnetohydrodynamics, the Lorentz force destroys the property of the vorticity being
frozen into the fluid. Hameiri [6] showed that the most general conservation quantity takes the form
of the cross helicity involving the solenoidal vector field C compatible with the magnetic field B,

Hc[u,C] =

∫
D
u ·CdV,

∂C

∂t
= ∇× (u×C) , ∇×

(
B × C

ρ

)
= 0. (4)

Noether’s theorem in the variational framework for the Euler-Poncaré equations extended to
include the Lorentz force brings in the cross helicity Hc[v,C], with u replaced by the general one
v, for the Noether charge associated with the particle relabeling symmetry.

4 Conclusion

For relativistic motion of a charge fluid, the helicity can be defined as a three-dimensional integral
with respect to the proper time [7]. The relativistic helicity is obtainable in the form of the cross-
helicity by Noether’s theorem [8]. With a collection of these examples, we are led to a belief that
all the topological invariants including the vorticity are representable as the cross-helicities.
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with applications to continuum theories, Adv. Math. 1998 137, 1–81.

[4] Fukumoto, Y. (2008) A unified view of topological invariants of fluid flows. Topologica 2008 1, 003.

[5] Fukumoto, Y. & Sakuma, H. (2013) A unified view of topological invariants of barotropic and baroclinic
fluids and their application to formal stability analysis of three-dimensional ideal gas flow. Procedia
IUTAM 2013 7, 213-222.

[6] Hameiri, E. (1998) Variational principles for equilibrium states with plasma flow, Phys Plasmas 1998 5,
3270-3281.

[7] Yoshida, Z. Kawazura, Y. & Yokoyama, T. (2014) Relativistic helicity and link in Minkowski space-time
J. Math. Phys. 2014 55, 043101.

[8] Kawazura, Y., Yoshida, Z. & Fukumoto, Y. (2014) Relabeling symmetry in relativistic fluids and plasmas.
J. Phys. A: Math. Theor. 2014 47, 465501.


