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Summary

We present two types of exact solutions of MHD equations describing vortex flows of
electrically conducting fluid. In the first type of solutions the total pressure is constant. The
fluid is ideal with infinite magnetic and kinematic Reynolds numbers. The solutions possess
a significant functional arbitrariness and describe jet flows with non-trivial shape of magnetic
tubes. The second type of solutions determines a stationary cylindrical vortex inside a resting
cylinder with a conductor of an electrical current on the axis. The fluid is viscous with a finite
electrical conductivity. The vortex fluid flow concentrates the magnetic field near the axis of the
cylinder.

Vortex flows of electrically conducting fluid are widely presented in natural and technical pro-
cesses. Localized vortex structures in liquid core of the Earth driven by the convection are thought
to be responsible for the generation of the Earth’s magnetic field [1]. Experimental and numerical
modelling of such dynamo processes also extensively use various vortex-type flows [2]. Theoret-
ical analysis of MHD equations based on the geometrical interpretation of the equations and on
invariants such as the helicity [3] produces general theorems concerning the behaviour of the elec-
trically conducting fluid. Most of these theories lack examples of exact solutions of MHD equations
that describe 3D structures in case of non-collinear velocity and magnetic fields. In our work we
present two types of exact solutions to MHD equations describing vortex flows for ideal and viscous
electrically conducting fluid.

1 Solutions with constant total pressure

We observe a system of nonlinear ideal MHD equations (zero kinematic and magnetic viscosities). In
the general case of non-collinear velocity and magnetic vector fields we introduce a special curvilinear
coordinate system where streamlines and magnetic lines of the flow plays a role of coordinate curves
[4]. This reduces MHD equations to a certain simpler form. Any solution of the obtained system
allows explicit description of the geometry of the flow due to the direct representation of magnetic
lines and particles trajectories. For this system of equations we observe a class of solutions with
constant total pressure. It is possible to give a complete classification of such solutions in case of
stationary flows [5]. In particular, we show that magnetic surfaces of the stationary MHD flows
with constant total pressure are translational surfaces, i.e. are swept out by translating one curve
rigidly along another curve.

In the non-stationary case the complete classification of solutions with constant total pressure is
not yet given due to the technical difficulty of the problem. However, particular examples demon-
strate that class of such solutions is very reach and contain topologically non-trivial flows. In
particular, we obtained explicit solutions describing fluid flows with toroidal and knotted magnetic
tubes (see Figure 1a,b) [6], or non-stationary solutions describing jet flows within fixed cylindrical
magnetic tubes (see Figure 1c,d) [7].

2 Stationary cylindrical vortex

For the case of finite magnetic and kinematic viscosities we construct an exact solution of MHD
equations describing a flow in a stationary semi-infinite cylinder with a conductor of electrical current
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Fig. 1: Examples of magnetic surfaces on exact solutions. The curves on the surfaces are magnetic
lines and particle trajectories.

along the cylinder axis. Kinematics of the flow coincide with the one in absence of the magnetic
field [8]. Magnetic field has only radial and axial components in the cylindrical coordinates. Action
of the Lorenz force is compensated by the additional fluid pressure [9].

In case of non-zero kinematic viscosity of fluid, the flow is directed from the periphery to the axis
of the cylinder under the pressure gradient; at that the flow changes the direction as it reaches the
bottom of the cylinder and turns around the cylinder axis. The fluid flow concentrates the magnetic
lines near the axis so that the magnetic field exponentially decreases towards the periphery. In case
of zero kinematic viscosity and finite magnetic viscosity, the solution describes more complicated
flow patterns, where the flow is stratified in cylindrical layers with a vortex flow in each layer. The
magnetic field is concentrated near the attracting cylinders within the flow.

The obtained classes of exact solutions can be usefusl for theoretical analysis of vortex flows of
electrically conducting fluid as well as for testing numerical algorithms.
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