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Summary

Since superfluid vortices are line defects, the idea of intrinsic structure sounds bizarre. Vortex
filament model simulations show that the intrinsic twist is required for the helicity conservation.
The intrinsic twist may be defined as the winding of the quantum mechanical phase. The level
surfaces of the phase are Seifert surfaces. In Seifert framing the helicity is always zero. This
makes the conservation of helicity trivial for superfluids.

1 Introduction

Close to absolute zero, superfluids resemble ideal fluids perhaps better than any other system.
Vorticity is possible only in form of line-like topological defects. Since superfluid vortices are line
objects, it is hard to think them to have any intrinsic structure. Recently, it has been suggested
that the quantum mechanical phase endows superfluid vortices with intrinsic structure [1, 2, 3].
One can use the direction of the zero phase to define a spanwise vector giving the intrinsic twist.
Here, we explore the consequences of this definition.

If the vorticity is confined to tube-like structures, the helicity, H =
∫
v ·ω dV , is the sum of the

(Gauss) linking numbers and self-linking numbers [4]. The self-linking number is given by the sum
of the writhe (W ) and the twist (T ) of the vortex. Twisting is possible in two ways: the Frenet–
Serret frame may turn along the vortex (Ttors, torsion) or the direction of the intrinsic structure
may change in relation to the Frenet–Serret frame (Ttwist, intrinsic twist).

Thus the helicity may be given as:

H =
∑
i 6=j

ΓiΓjLkij +
∑
i

Γ2
i (W + Ttors + Ttwist). (1)

Linking number and self-linking number are topological invariants, but the components of the self-
linking number are not. Writhing of the vortex may be converted to twisting and vice versa. Also,
the self-linking number is an invariant, but its value depends on a chosen frame, i.e. how we
determine the spanwise vector.

2 Superfluid vortices

The superfluid component of helium-4 superfluid is described with a complex scalar order parameter
ψ = ψ0e

iφ(r). The quantum mechanical phase is the velocity potential of the fluid motion, and the
velocity is given as vs(r) = ∇φ(r). Potential motion is always irrotational. Vorticity is possibly
only in form of quantized line-like topological defects all having the same circulation.

In reality, superfluid vortices have a small but finite core size. However, the density of the
superfluid component goes to zero in the core. Vortices can be thought as empty cavities, and
hence lacking any intrinsic structure. Yet it is possible to define a direction of intrinsic structure
using the phase.

Taking a vector on the level surface φ = 0 and requiring it to be perpendicular to the tangent
of the vortex line, we can define the spanwise vector and endow the vortex with a ribbon structure.
This definition is equivalent to the Seifert framing. It can be shown that the level surfaces of the
phase are Seifert surfaces of the vortex knot (or unknot). This means that the helicity is zero [5].
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Fig. 1: Evolution of writhe and tor-
sion in the vortex filament model sim-
ulation of a trefoil knot at zero tem-
perature. During the dynamics, an
inflection point appears and the tor-
sion jumps. This jump must be com-
pensated by a change in the intrinsic
twist.

One way to add helicity to the fluid is to have intrinsic twisting. Let us consider a perfectly
circular vortex loop. We cannot twist the phase since it would have singularity in the center of the
ring. The phase must be defined everywhere, except exactly on the vortex lines.

The phase is twisted when another vortex threads the ring. For two vortex rings in a form of the
Hopf link, the phases wound in both vortices. If we now calculate the helicity, we have contributions
both from the linking number and the intrinsic twists giving zero total helicity. If the two rings
reconnect, we end up with a single ring with zero helicity, so the helicity conservation is trivial.

In the vortex filament model, one has the freedom to choose the tangential velocity of the vortex
points. By exploiting this freedom, one may add axial velocity which answers for the conservation
of the helicity just like the intrinsic twist would do.

3 Conclusions

The phase is the most natural way to endow the superfluid vortices with an intrinsic structure.
As a result, superfluids have zero helicity. The alternative is to say that vortices have no intrinsic
structure and there is no twist. This would mean that the helicity is not an invariant of superfluids,
since the writhe may change during the dynamics. The change in the writhe must be compensated
by change in the twist, if we want that the helicity is conserved. It is not even enough to include
just the torsion part of the total twist, since inflection points may occur in the dynamics (see Figure
1). Internal twist is needed to compensate the jump in torsion at the inflection points.

Another possibility is to say that since superfluid vortices have a finite core size, it is possible
for the vorticity to have some intrinsic twisting just like in classical vortex tubes. However, think-
ing about the superfluid vortices really as an approximation of the ideal single vorticity lines fits
well with the idea of quantization of the circulation. Thus we can only conclude that superfluids
significantly differ from classical fluids.
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