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Summary
Based on experimental and numerical evidence that nearly anti-parallel vortices have often been

observed in the early stage of vortex reconnection, a linearized model is developed in which two Burgers-
type vortices are driven together by an axisymmetric straining velocity field. With this linearized model
which neglects the nonlinear vortex-vortex interaction, it is demonstrated that the initial helicity with
the skewed geometry is eliminated during the reconnection process. The model can be extended to the
reconnection of magnetic flux tubes under the action of a straining field by adding the effect of Lorentz
forces to the driving velocity.

As an initial stage of vortex reconnection, nearly anti-parallel segments of vorticity have often been
observed experimentally and numerically [1],[2]. Inspired by the recent experiment by Kleckner and Irvine
on the dynamics of a trefoil knot vortex [3], we have developed a linearized model in which two Burgers-type
vortices are driven together by an axisymmetric straining velocity field [4].

When these Burgers vortices are exactly anti-parallel, they annihilate leaving a decaying dipole moment
as the leading order vorticity. If the straining velocity field is prescribed as U = (−αx,−αy, 2αz), the decay
rate of the dipole is given by the rate of strain α even as the kinematic viscosity tends to be zero. These
analytic results of the linearized model are compared with the numerical results by Buntine & Pullin [5].

Now at t = 0, we place symmetrically one
Burgers-type vortex ω1(x, t)(circulation Γ) with
straight centerline L0 on the plane y = y0 ti-
tled at an angle β0 to the z-axis and a second
vortex ω2(x, t)(circulation −Γ) with centerline on
the plane y = −y0 tilted at an angle −β0 to the z-
axis. If these vortices are under the same strain-
ing action, we can write down the development
of them as

ω1(x, t) =
Γ

πσ(t)2 exp

−r2
p(x, t)
σ(t)2

 e(t), (1)

ω2(x, t) = − Γ

πσ(t)2 exp

−r′2p(x, t)
σ(t)2

 e′(t), (2)

where
r2

p(x, t) = (x cos β(t) − z sin β(t))2 + (y − y0e−αt)2,
r′2p(x, t) = (x cos β(t)+ z sin β(t))2 + (y+ y0e−αt)2,

with β(t) = tan−1(e−3αt tan β0) , 1/σ(t)2 =
α
4ν (3 cos2 β(t) − 1) (ν: kinematic viscosity)
and e(t) = (sin β(t), 0, cos β(t)) and e′(t) =
(− sin β(t), 0, cos β(t)).

Fig. 1: Contour plots of |ω1(x, t) + ω2(x, t)| at τ ≡
e−αt = 0 and = 0.63. Two levels of contours are de-
picted, one at the 95% of the maximum (darker) and
the other at 85% [4].

Figure 1 shows two views of contour plots of |ω1(x, t) + ω2(x, t)| at τ ≡ e−αt = 0 and at τ = 0.63.
The initial separation y0/δ = 1.356 is chosen where δ =

√
2ν/α is the radial scale of the Burgers vortex,

and the initial angle β0 = π/4 is set. The initial two orthogonally offset vortices approach the anti-parallel
configuration, and by the time τ = 0.63, reconnection is well observed in particular for the center parts with
strong vorticity.



Helicity is a topological invariant for Euler flows, and it is a crucial problem whether the helicity of
the vorticity distribution changes during the viscous reconnection process discussed above. By recalling the
velocity field of the Burgers vortex,

u(x) =
Γ

2πr2 (1 − e−r2/δ2)(−y, x, 0), (3)

we can explicitly calculate the helicity for the skewed Burgers-type vortices as

H (τ) =
∫

V
u · ω dV =

s1/2Γ2

π1/2

∫ ∞
0

erfŷ (e−s(ŷ−ŷ0e−τ)2 − e−s(ŷ+ŷ0e−τ)2
) dŷ. (4)

where s(τ) = (3 cos2 β(τ) − 1)/2 and ŷ = y/δ.
In Fig. 2, the integral (4) is evaluated for

the initial skewness angle β0 = π/4 and for
six values of the initial dimensionless separation
ŷ0 = y0/δ. For ŷ0 ≫ 1, H /Γ2 remains nearly
equal to 1 while the vortices are well separated.
As ŷ0e−τ decreases to O(1) and smaller, H /Γ2

decays exponentially to zero in time of order α−1.
Therefore with the present linearized model, we
can conclude that the initial helicity is destroyed
during the viscous reconnection process. We
should recall, however, that the present model
neglects the vortex-vortex interaction. The ef-
fect of this nonlinear interaction on the helicity Fig. 2: Helicity development (4). [4].

development is still an open problem, and to address this, a perturbation procedure taking the first-order
of the interaction term might be necessary. Also calculation of Lagrangian particle trajectories around the
vortices might provide a useful information for straightening out the problem.

If we notice the analogy between vorticity and magnetic field, the present model for vortex reconnection
applies directly to the reconnection of weak magnetic flux tubes under the action of strain field. The model
can also be extended to more general magnetic reconnection problems by taking the effect of Lorentz forces,
J × B ∼ (∇ × B) × B, into the driving velocity field.
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