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Summary

When unlinked, unknotted vortex loops are formed helicity may fail to detect topological
complexity accurately. Here we prove that by using the recently derived HOMFLYPT polynomial
for fluid knots (Liu & Ricca, 2015) each stage of a cascade process, that follows a complexity-
reducing path given by a sequence of T (2, 2n+ 1) torus knots and T (2, 2n) torus links produced
by consecutive reconnections, can be detected by a unique, monotonically decreasing sequence
of HOMFLYPT numerical values. This opens the doors to useful applications in the study of
the decay process of classical and quantum vortex tangles.

1 HOMFLYPT polynomial for vortex knots

Classical and quantum vortex tangles tend to interact and reconnect by undergoing a similar cascade
process, that seems to consistently reduce topological complexity and structural scale by stepwise
unlinking till final production and dissipation of small-scale loops [1]-[2]. Kinetic helicity is an
appropriate measure of topological complexity, but it is known to suffer from some serious limita-
tions. To overcome these difficulties Liu & Ricca have derived various knot polynomials (Kauffman
bracket, Alexander–Conway, Jones and HOMFLYPT) for fluid knots as new invariants of ideal fluid
mechanics. By applying knot theoretical techniques to vortex flows the HOMFLYPT polynomial
P = PK has been recently derived from the kinetic helicity H of vortex knots [3].

Theorem (Liu & Ricca, 2015). Let K denote a physical knot. If the helicity of K is H = H(K),
then

eH(K) = e
∮
K u·dl , (1)

appropriately re-scaled, satisfies (with a plausible statistical hypothesis) the skein relations of the
HOMFLYPT polynomial P = PK .

Remark 1. If K is a vortex knot, then u is the self-induced velocity associated with vorticity
aligned along the knot centerline of elementary line element dl. To make sense of eH(K), H(K)
must be normalized with respect to some reference value of the vortex circulation Γ.

Remark 2. The derivation of the result above relies on a statistical hypothesis, that assumes
equally probable state decomposition of the crossing sites in the minimal knot diagram. This is
equivalent to the ergodic assumption that all possible (virtual) reconfiguration states of the given
knot or link are equally admissible.

2 Cascade of vortex knots by stepwise unlinking detected by
HOMFLYPT

Reconnections characterize the evolution and interaction of vortex filaments in both classical and
quantum fluids and determine a change of topology of the system. While details of the process
depend on specific local mechanisms that may differ from classical to quantum case, certain qualita-
tive features — such as the preservation of the original strand orientation after reconnection — are
generic and common to both systems. According to recent observations based on laboratory exper-
iments and direct numerical simulations of decaying Bose-Einstein condensates [1]-[2], vortex knots



and links seem to undergo a generic cascade process through an alternate sequence of T (2, 2n + 1)
torus knots and T (2, 2n) torus links, as n (integer) decreases to 0. After every reconnection the
knot/link gradually unties by removing a single crossing at a time, by reducing consistently topo-
logical complexity and scale. Remarkably, the sequence of topological transitions seems to follow an
identical topological decay pattern, to some extent irrespective of the physical context considered,
even consistent with recombinant DNA plasmid reactions [4].

Figure 1: Cascade of torus knots and links detected by a monotonically decreasing sequence of
HOMFLYPT numerical values.

Here we show that HOMFLYPT polynomial not only detects topological differences between
knots and links (as standard knot polynomials typically do), but it can be used to quantify topo-
logical differences between the various stages of the cascade process by a unique, monotonically
decreasing sequence of numerical values (see Figure 1). This result, anticipated by the recursive
application of the HOMFLYPT skein relations on minimal knot diagrams, is proven analytically
here by direct application of the skein relations [5]. Direct comparison of the decreasing sequence of
numerical values of topological complexity with kinetic energy data of corresponding vortex knots
[6] shows remarkable, similar features.
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