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Summary

In this paper we present new results on magnetic energy and helicity of steady magnetic
fields in the shape of torus knots and unknots in ideal MHD. Bounds on energy and new estimates
of energy and helicity in terms of geometric properties are given. In particular we demonstrate
that in the case of toroidal knots/unknots information on the writhing number provides a very
good approximation for magnetic helicity. These results are particularly useful for energy and
helicity estimates of braided magnetic fields in the solar corona and in fusion physics.

1 Magnetic torus knots and unknots in ideal conditions

Magnetic torus knots and unknots are given by steady magnetic fields in the shape of a torus
knot/unknot. Torus knots Tp,q are closed, space curves wrapped uniformly around the surface of
a mathematical torus p times along the longitudinal (toroidal) direction and q times along the
meridian (poloidal) direction. Knots are given by p > 1 and q > 1 wraps, with p and q co-prime
integers, while unknots are obtained by taking p = 1 or q = 1. By using standard parametrization
in terms of the torus aspect ratio λ and winding number w = q/p we can study magnetic knots
by simply identifying the magnetic field B with the knot type, assuming an infinitesimally thin
cross-section and constant flux. Since for every Tp,q there is a critical aspect ratio for which the
knot has q points of inflexion [2] and since inflexional configurations are highly unstable [1], we
prescribe the conditions for inflexion-free configurations.

2 Energy and helicity estimates by geometric information

Under the above assumptions magnetic energy becomes simply proportional to the knot length,
growing with the number of coils and aspect ratio [2]. Lower and upper bounds on magnetic energy
are prescribed in terms of geometry and topological complexity of the knot type. By reducing the
Biot-Savart integral to a line integral we can compute magnetic helicity by its integral definition and
compare the results with those obtained by using information on total writhe Wr and normalized
total torsion T . We show that computation of these geometric quantities provides a very good
estimate of the exact value obtained by the integral definition of helicity [3].

Figure 1: (a) Non-dimensional helicity |H| and (b) writhing number |Wr| plotted against the winding

number w for torus knots Tp,1, T1,q, p, q ∈ {2, 3, 4, 5, 6, 7, 8}; Tp,2, T2,q, p, q ∈ {3, 5, 7, 9, 11, 13, 15}; Tp,3,

T3,q, p, q ∈ {4, 5, 7, 8, 10, 11, 13}; Tp,4, T4,q, p, q ∈ {5, 7, 9, 11, 13, 15, 17} and λ = 0.5. Interpolation is for

visualization purposes only.



Moreover, since contributions from T are one order of magnitude smaller than those due to
Wr, we demonstrate that total writhe provides a very good approximation for (non-dimensional)
magnetic helicity (see Figure 1 above). For toroidal knots/unknots the mean relative error ∆Wr =
(|H| − |Wr|)/|H| is generally well below 9%. Since torus knots are particularly simple types of
closed braids, these results provide useful information for energy and helicity estimates of braided
magnetic fields in solar coronal structures and fusion physics [4].
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