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Summary

In recent years, there has been increasing interest in properties of superfluid vortices as these
provide an excellent paradigm of an ideal inviscid fluid. Vorticity in such fluids is well described
by vortex filaments in which the rotation is concentrated along a curve. However, the lack of an
internal vortical structure within a superfluid vortex has led to several complications in adapting
the results concerning helicity conservation to superfluids. In particular, the notion of twist for a
superfluid vortex is not well defined. We will illustrate how twist can be formulated and defined
for a superfluid vortex in a physically intuitive way. After mathematically formulating twist for
a superfluid vortex, we will present a number of illustrative examples of vortex configurations
calculated numerically. This will include helical vortices, breather excitations on vortex filaments,
and knotted vortices. The latter is motivated by recent experiments concerning the creation of
knotted vortices in the laboratory.

Background

A microscopic model for a superfluid exists in the form of the Gross-Pitaevskii equation given by
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where ψ represents the wavefunction of the condensate, m is the mass of the atomic species, and
g is an interatomic interaction coefficient. By introducing the Madelung transformation given by
v = (~/m)∇φ and ρ = m|ψ|2 where φ is the phase of the wavefunction such that ψ =
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the Gross-Pitaevskii equation can be recast in hydrodynamic form. The original equation for the
complex wavefunction is then transformed into a system of two equations for the density ρ and
the phase φ which correspond to a continuity equation for a compressible fluid and an unsteady
Bernoulli equation given by

∂ρ

∂t
+ ∇ · (ρv) = 0, (2)(

~
m

)
∂φ

∂t
+

1

2
|v|2 =

−gρ
m

+
~2

2m

∇2ρ1/2

ρ1/2
. (3)

Given that the flow is derived from the gradient of the phase, which plays the role of a velocity
potential in this context, the flow is irrotational. However, solutions with singular distributions of
vorticity are permitted by allowing the phase to become a non-single valued function. In 2D, the
vorticity corresponds to that of a point vortex whereas in 3D it corresponds to that of a vortex
filament. Since the velocity is divergent in the vicinity of a vortex filament, the density of the
superfluid vanishes at the centre of the vortex to ensure the momentum remains finite. The variation
of the density from the background value, denoted by ρ∞, towards zero occurs on a characteristic
length scale that is set by the healing length of the system given by lh = ~/

√
2gρ∞. Therefore, for

superfluids, the internal structure of the vortex is determined by the variation of the density profile.
In contrast, there is no internal structure associated with the vorticity field. For these reasons,
quantized vortices correspond to topological defects of the superfluid.



The quantum pressure term corresponding to the last term in Eq. (3) is negligible on distances
exceeding the healing length scale. Moreover, if the intervortex separation and the radius of curva-
ture of the vortex filaments far exceed the healing length, the motion of the defects to leading order
can be described by that of an incompressible fluid. This allows a reduced level of description where
one can track only the positions of the topological defects given by Biot-Savart law. Denoting the
positions of the points along the i’th vortex filament by ri, we obtain
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where the sum is taken over all the vortex filaments and κi is the circulation associated with the
i’th vortex.

The above considerations have important consequences on the evaluation of Helicity for su-
perfluid vortices. In 1969 Moffatt [1] showed that, in addition to mass, momentum and energy
conservation, an ideal inviscid fluid in 3D has another invariant known as helicity that is given by
H =

∫
V ω · vd3x where v is the velocity field and ω = ∇× v. This invariant quantifies the degree

of knottedness of vortex lines within the fluid. Although an inviscid fluid is considered to be an
idealisation of a real classical fluid in which viscosity is neglected, superfluids provide an excellent
paradigm of an ideal inviscid fluid. It is now well understood that Helicity conservation is estab-
lished by a balance between three different contributions, the linking number Lk, the Writhe Wr,
and the total twist Tw such that [2]

H = κ2(Lk +Wr + Tw). (5)

However, the lack of an internal vortical structure within a superfluid vortex has led to several com-
plications in adapting the results concerning helicity conservation to superfluids. In particular, the
notion of twist for a superfluid vortex is not well defined. We will illustrate how twist can be formu-
lated and defined for a superfluid vortex in a physically intuitive and mathematical self-consistent
way. After formulating twist for a superfluid vortex, we will present a number of illustrative ex-
amples of vortex configurations calculated numerically as illustrated in Fig. 1. This will include
breather excitations [3], and knotted vortices that have now been created in the laboratory [4].

Fig. 1: Helical vortex shown on left and knotted trefoil vortex shown on right with Seifert surface.
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